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OnepaTopti npeo6pa30BaHiia h hx npiijicoKCHiiH. 

OB30P 
B KHHre: 

" HccjieflOBaHHH no coBpeMeiraoMy aHajiroy 11 MaTeiviaTiiHecKOMy 
MO,n,ejiHpoBaHHK) " 
Otb. pe/i,. Kopo6enHHK IO.O., KycpaeB AT. 
Bjia,u;HKaBKa3: Bjia,n;iiKaBKa3CKiiH Hay^iHbifi ueiiTp 
Pocchhckoh AxafleMHii HayK 
ii Pecny6jiHKH CeBepnaa OceTiin — AjiaHiia, 
2008. Ct P . 226-293. 

B o63ope paccMaTpHBaiOTca ocHOBHbie noraTHa ii salami Teopirn 

onepaTopoB npeo6pa30BaHiiH. 3aTeM nepeHiicjieHbi Haii6ojiee 
H3BecTHbie npHjiojKeHHH onepaTopoB npeo6pa30BaHiiH k o6paTHbiM 
3&r&h&m, Teopirn paccesHHH, cneKTpajiBHOfi Teopnii, HejiHHeiiHbiM 

fliicpepepeHHiiajibHbiM ypaBHeHHHM h nocTpocHHio cojihtohob, 
o6o6ineHHbiM aHajiiiTHnecKiiM (py hkhhsm , ciiHryjiapHbiM KpaeBtiM 
3aflaHaM, Teopim ,u;po6Horo HHTerpo^iKpcpepGHi^iipoBaHiiH , bjiojkghhhm 

HeKOTOpblX CpyHKI^IIOHajIBHBIX IipOCTpaHCTB . 063Op 3aKaHHHBaeTCH 

,n,0CTaT0HH0 no,u;po6Hi>iM ciiiickom jiiiTepaTypbi. 
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BA>KHA5I HHOOPMAIJHfl : 

3to BepcHH ony6jiHKOBaHHoro b 2007 o63opa c cymecTBeHHtiMii 
,n,o6aBjieHHHMH 2008-2010 ro/i,OB. 



Transmutations and Applications. 



■5 



HHO0PMAUP15I RJIH. HHTATEJIEH: 

YBajKaeMHii HHTaTejib! 3to BepciiH o63opa, Bbiineflinero b 2007 ro- 
,Hy. K coxtajieHHio, jno6oii tckct He mojkct 6bitb ikxhhbim. flaHHbiii tckct 
BKjiiOHaeT to, ^ito 6bijio MHe H3BecTH0 Ha MOMeHT HanncaHHH b 2007 ro- 
py, c MHHHMajiBHbiMH nocjie/ryioiHHMH BCTaBKaMH. O HeKOToptix pe3yjib- 
TaTax HanncaHO cjihhikom KpaTKO hjih noBepxHOCTHO, xoth ohh 3toto 
He 3acjiyjKHBaiOT H3-3a CBoeii BajKHOCTH; o mhothx pe3yiibTaTax h 3Haji 

HeflOCTaTOHHO HJIH He 3HajI BOBCe. ripHHOHiy CBOH H3BHHeHHH aBTopaM, 

HbH pe3yjiBTaTbi He boihjih b o63op hjih H3Ji0JKeHbi He^ocTaTOHHO no- 
,npo6HO. 

Ilo3^,HHe BCTaBKH b nepBOHaHajii.Hi.iH TeKCT o63opa npHBejiH K HeKO- 
TopoMy HapynieHHio jiornKH H3jiojK6HHa h nocjie/jOBaTejibHOCTH MaTe- 
pnajia, cyM6ypy b 6n6jiHorpa(pHH, noBTopaM h nepeKpbiTHHM b TeKCTe. 
Ha^eiocb, hto sto HCKynaeTCH BKjnoneHHeM ^onojiHHTejibHOH HHcbopMa- 
ihih, a He/i,ocTaTKH no bo3mojkhocth 6ynyT ycTpaHeHbi b OKOHnaTejibHOM 
TeKCTe. 

Abtop totobht o6HOBjieHHyio BepcHio flaHHoro o63opa pjisl ony6jin- 
KOBaHHH b 2010 ro,a,y b BH,n,e MOHorpacpHH, OHa 6y,a,eT cymecTBeHHO pac- 
HinpeHa h ^onojiHeHa. MHorne pe3yjn>TaTbi, KOTopbie He HanijiH OTpa- 
jkchhh b nepBofi BepcHH, 6ynyT H3jiojKeHbi b cjieflyiomeH. 

Abtop 6yn,eT 6jiaro,a,apeH KOjijieraM 3a jno6yio KpnTHKy h ^asce 
pyraHb (no flejiy), HcnpaBjieHHH, flo6aBjieHHa, KOMMeHTapnH. Yxe 
HacTOHiiniH tckct noHBHjiCH 6jiaro,ii;apH 6jiarojKejiaTejibHOH noMonni 
6ojibuioro HHCJia KOJijier, 6e3 KOToptix flaHnaa pa6oTa HHKOiyja He 6bijia 
6h BbinojineHa. 

Abtop: Chthhk Cepreft MnxaiijiOBHH, 
/ipneHT Kacbeflpbi BbicineH MaTeivraTHKH 
BopoHejKCKoro HHCTHTyTa MB/],, BopoHejK, Pocchh. 

3jieKTpoHHbiH aflpec: mathsms@yandex.ru 

IIohtobhh a,apec: Chthhk CM., 
a.a. 12, BopoHe»c-5, BopoHe»c, 394005, Pocchh. 
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Co^epjKaHHe o63opa: 

1. BBe/jemie. 

2. OnepaTopti npeo6pa30BaHHH ^jih onepaTopoB IIIrypMa- 

JlHyBHJIJIH. 

3. OnepaTopbi npeo6pa30BaHHH BeKya-Bpfleftii-JIayHfleca. 

4. OnepaTopbi npeo6pa30BaHHH fljia o6lu,hx fliicp(pepeHn;HajiBHBix 
onepaTopoB c nepeMeHHbiMH KOsepcpimiieHTaMii. 

5. OnepaTopbi npeo6pa30BaHHH THna CoHHHa h IlyaccoHa. 

6. CBH3b onepaTopoB npeo6pa30BaHHH c apoGhbim HHTerpofliicpepe- 
peHn,npoBaHHeM . 

7. OnepaTopBi npeo6pa30BaHiiH ByniMaHa-3p/i,eHH. 

8. B noHCKax BOjiBTeppoBBix yHHTapHBix onepaTopoB npeo6pa30Ba- 

HHH. 

9. OnepaTopBi npeo6pa30BaHiia ^jih hckotopbix cimryjiapHBix fliicp- 
(pepeHn,HajiBHBix onepaTopoB c nepcMGHHBnvm KOScpcpiii^iieHTaMii. 

10. KoMno3iiii;iiOHHbiH mcto/i, nocTpocHira onepaTopoB npeo6pa30Ba- 

HHH paSJIH^IHBIX KJiaCCOB. 

11. HeKOTopbie npiuicoKeHiifl Merofla onepaTopoB npeo6pa30BaHira. 

12. Sa^a^ii. 

13. JlnTepaTypa. 
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1. BBe/i,eHHe. 



OnPEflEJiEHHE 1. IlycTb /jaHa napa onepaTopoB (A, B). OnepaTop T 
Ha3biBaeTca onepamopoM npeo6pa3oeaHUM (Oil, transmutation), ecjin 
BbinojiHaeTca cooTHOineHne 



CooTHOnieHne (1) Ha3biBaeTCH HHane cruiemawmuM ceoucmeoM 1 to- 
r/i,a roBopaT, ^tto Oil T cruiemaem onepaTopbi A h B (intertwining 
operator). Jljw npeBpameHHH (1) b CTporoe onpe^ejieHHe Heo6xo,ZHiMO 
3aflaTb npocTpaHCTBa hjih MHOxcecTBa (pyHKiniii, Ha KOTopbix fleficTBy- 
k>t onepaTopbi A, B, h, cjieflOBaTejibHO, T. IlHor^a b onpeflejieHne Oil 
3aKjia/i,biBaiOT h Tpe6oBaHne o6paTHMOCTn, hto HBjiHeTCH jKejiaTejibHbiM, 
ho He o6a3aTejibHbiM cbohctbom. B KOHKpeTHbix peajnraainisix onepaTO- 
pbi Avl B o6mhho hbjihiotch /;H(p<pepcHHHajibHbiMH, T — jiHHeHHbiii one- 
paTop Ha CTaHflapTHbix npocTpaHCTBax. 5Icho, hto noHSTne Oil sBjiaeT- 
ch npHMMM h ,a,ajieKO H/rymHM o6o6m,eHHeM noraTHa no,u;o6HH MaTpnn, H3 
jiHHeiiHOH ajire6pbi [1—3]. Ho Oil He ceodsimcsi k nodo6wbiM (uau SKeuea- 
jienmHUM) onepamopoM, Tax KaK cnjieTaeMbie onepaTopbi KaK npaBHjio 
hbjijhotch HeorpaHHHeHHbiMH b ecTecTBeHHbix npocTpaHCTBax, K TOMy 
}Ke o6paTHbiii k Oil He o6a3aH cynrecTBOBaTb h fleifcTBOBaTb b tom »ce 
npocTpaHCTBe. TaK hto cneKTpbi onepaTopoB, cnjieTaeMbix Oil, MoryT 
He coBna,u;aTb. 

KaK »;e o6biHHO Hcnojib3yK>TCH onepaTopbi npeo6pa30BaHHH? IlycTb, 
HanpHMep, mm H3ynaeM HeKOTopbiii floCTaTOHHO cjiojkho ycTpoeHHbiii 
onepaTop A. Ilpn stom HyjKHbie CBoficTBa y»ce H3BecTHbi pjia MO^ejib- 
Horo Gojiee npocToro onepaTopa B. Tor^a, ecjin cynrecTByeT Oil (1), to 
nacTO yzraercn nepeHecTH CBOficTBa MO^ejibHoro onepaTopa B h Ha A. 
TaKOBa b HecKOJibKHx cjiOBax npHMepHaa cxeivra thhhhhoto Hcnojib30- 
BaHHH Oil b KOHKpeTHbix 3a,naHax. 

B nacTHOCTH, ecjin paccMaTpHBaeTca ypaBHeHne Au = f c onepa- 
TopoM A, to npHMeHHH k HeMy Oil T co cnjieTaiom,HM cbohctbom (1), 
nojiynaeM ypaBHeHne c onepaTopoM B BH^a Bv = g, rpp o6o3HaneHO 
v = Tu,g = Tf. nosTOMy, ecjin BTopoe ypaBHeHne c onepaTopoM B 
HBjiaeTCH 6ojiee npocTbiM, h pjisi Hero ysce H3BecTHbi cpopMynbi pjisi pe- 
nieHHH, to mh nojiynaeM h npe^CTaBjieHHH /rjia pemeHHii nepBoro ypaB- 
HeHHa u = T~ 1 v. Pa3yMeeTCH, npn stom o6paTHbin onepaTop npeo6- 



T A = BT. 
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pa30BaHiia flOjEKeH cym,ecTBOBaTb h fleficTBOBaTb b paccMaTpiiBaeMbix 
npocTpaHCTBax, a pjisi nojiyneHHH aBHbix npe,n,CTaBjieHHH penieHHH R 
jijkho 6bitb nojiyneHO h hbhoc npe^CTaBjieHHe stoto o6paTHoro onepa- 
Topa. TaKOBO o/nro H3 ochobhmx npHMCHeHHH tgxhhkh Oil b TeopnH 
/jncpcbepeHHHajibHbix ypaBHCHHii c nacTHbiMH npoH3BO/nrbiMH. 

H3jiojKeHHK) TGopiin On h hx iipiijiojKGHHHM nocBHmeHbi cymecTBeH- 
Hbie nacTH MOHorpacpHH [4-9] , Kpoivie Toro pa3jiHHHbie Bonpocti Oil pac- 
CMaTpHBaiOTCH TaKJKe b [10-41]. K ccxscajieHiiio, Ha pyccKOM H3biKe HeT 
KHHr, nojiHOCTbio nocBHmeHHBix Oil, Tarax, KaK 3aMeHaTejibHbie khh:th 
Po6epTa Ksppojia Ha aHrjinftcKOM [4-6]. IIo-BH/niMOMy, ^anHbiH o63op 
TaKJKe HBjiaeTCH nepBbiM Ha pyccKOM H3MKe no TeopHH Oil. He npeTeH- 
ffysi Ha nojiHOTy, h bkjhohhji b o63op TOjibKO Te pe3yjibTaTbi, KOTopbie 
npeflCTaBjiHiOTCH ochobhbimh, a TaKJKe CBH3aHHbie c co6cTBeHHbiMH pa- 
6oTaMH. 

C/i,ejiaeM o/nro TepMHHOJiorHnecKoe 3aMeuaHHe. B 3ana,n,HOH jiHTepa- 
Type npHHHT pjin Oil TepMHH 'transmutation', BOCxo^HinHH k >K. flejib- 
capTy. KaK OTMenaeT P. Kappojiji, noxojKnn TepMHH 'transformation' 
npn 3tom 3aKpenjiHeTCH 3a KjiaccnnecKHMH HHTerpajibHMMH npeo6pa30- 
BaHHHMH Oypbe, JIanjiaca, MejijiHHa h /rpyrHMH no/i,o6HbiMH hm. Kpo- 
Me Toro, TepMHH 'transmutation' HMeeT b poMaHCKnx H3biKax flonoji- 
HHTejibHbiii OTTeHOK 'BOjnne6Horo npeBpanreHHa', hto ^OBOjibHO toh- 
ho xapaKTepH3yeT fleftcTBHe Oil. HpHBefleM TOHHyio rprraTy H3 [6]: 
"Such operators are often called transformation operators by the Russian 
school (Levitan, Naimark, Marchenko et. al.), but transformat ion seems 
too broad a term, and, since some of the machinery seems "magical" 
at times, we have followed Lions and Delsarte in using the word 
transmutation". 

Heo6xo^,HMOCTb TeopHH Oil ,u,OKa3aHa 6ojibniHM hhcjiom ee npnjio- 
jKeHHii. MeTOflbi Oil npHMeHaiOTca b Teopun o6paTHbix 3a,a,aH, onpe- 
/jejiHH o6o6m,eHHoe npeo6pa30BaHHe <J>ypbe, cneKTpajibHyio cbyHKHiiio 
h penieHHH 3HaMeHHToro ypaBHeHHH TejibcbaHfla-JleBHTaHa; b Teopun 
paccesHHH nepe3 Oil BbinncbiBaeTCH He MeHee 3HaMeHHToe ypaBHeHne 
MapnenKo; b cneKTpajibHoft TeopHH nojiyuaiOTCH H3BecTHbie cbopMyjibi 
cjieflOB h acHMnTOTHKa cneKTpajibHoii cbyHKiniH; oneHKH np,ep Oil ot- 
BenaiOT 3a ycTOHHHBOCTb o6paTHbix 3aflaH h sa^an pacceaHHa; b TeopHH 
HejiHHeiiHbix flHcbcpepeHHHajibHbix ypaBHeHHii MeTOfl Jla ca Hcnojib3yeT 
Oil fljia ,i],OKa3aTejibCTBa cymecTBOBaHHH penieHHH h nocTpoeHHH co- 
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JIHTOHOB. OnpeflejieHHblMH pa3HOBH,H,HOCTHMH Oil HBJIHIOTCH HaCTH Teo- 

pHH o6o6in,eHHbix aHajiHTHnecKHx cpyHKHHH h onepaTopoB o6o6meHHoro 
cflBHra. B Teopiiii ypaBHeHHii c ^iacTHbiMH npoH3BO^,HbiMH MeTO/nj Oil 
npHMCHHiOTCH fljiH nocTpoeHHH hbhbix peineHHii HexoTopbix 3aflan, H3y- 
hchhh CHHryjiapHbix h BbipojKflaiomHxcH KpaeBbix 3a,n,aH, nceB/ip/nicp- 
(pepeHH,HajibHbix onepaTopoB, sa^an fljia peineHHii c oco6chhocthmh Ha 
nacTH rpaHHHbi, ohchkh ckopocth y6biBaHHH peineHHii HeKOToptix sji- 
jinnTH^ecKHx h yjibTpasjijinnTHH ecKiix ypaBHeHHii. Teopna Oil no3BO- 
jiaeT flaTb HeKOTopyio HOByio KjiaccHcbnKaniiio cnenriajibHbix (pyHKHiiii 
h HHTerpajibHBix onepaTopoB co cneniiajibHbiMH (pyHKHHHMH b Hflpax, 
b tom HHCjie pa3jiHHHbix onepaTopoB flpoGnoro HHTerpo^,H<p(pepeHH,H- 

pOBaHHH. B TeOpHH (pyHKniffl HaHflCHBI npHJIOJKeHHH Oil K BJIOJKeHHHM 

(pyHKH,HOHajibHbix npocTpaHCTB h o6o6meHHio onepaTopoB Xap/ni, pac- 

HIHpCHHIO TCOpHH nSJIH-BHHCpa. MeTOflbl On C yCneXOM npHMeHHIOTCH 

bo MHornx npHKjia/],Hbix sa^a^iax: oneHKax peineHHii HocTa h KBaHTOBOH 

TeOpHH paCCeHHHS, HCCJieflOBaHHH CHCTeMM ^HpaKa, TeOpHH BepOHTHO- 

CTeft h cjiyna Hbix npoueccoB, jihhchhom croxacTHHecKOM oueHHBaHHH, 
(pHjibTpaH,HH, CTOxacTHnecKHx cjiynaiiHbix ypaBHCHHHx, o6paTHbix 3a^a- 

HaX reO(J)H3HKH H TpaHC3ByKOBOH ra30,U;HHaMHKH. 

MeTOflbi TeopHH On h CBa3aHHbie c hhmh 3a,n,aHH b toh hjih hhoh 
CTeneHH npHMemuiHCb b pa6oTax MHornx MaTeMaTHKOB. nepeHHCjniM 
HeKOTopbix H3 hhx: A. Boumenir, H. Begehr, J. Betancor, B. Braaksma, 
L. Bragg, R. Carroll, M. Chao, H. Chebli, I. Dimovski, C. Dunkl, 
J. Delsarte, R. Gilbert, V. Hutson, R. Hersh, V.Kiryakova, J. Loffstrom, 
J. Lions, A. Mercer, J. Peetre, J .S Pym, F. Santosa, J. Siersma, 
H. deSnoo, K. Stempak, V. Thyssen, K. Trimeche, Vu Kim Tuan, Arpa- 
hobhh 3. C, AHflpoiuyK A. A., BpHTBHHa JI. E., BycjiaeB B. C, Bajinii- 
khe K). H., Bojik B. 51., TjiyniaK A. B., rop6anyKM. JI., ra^JKneB A. /J,., 
TpHHHB P. O., TyjineB B. C, JKhtomhtjckhh 51. H., HBaHOB JI. A., Epe- 
mhh M. C, Kapn B., KaTpaxoB B. B., KanajiOB A. n., KHji6ac A. A, 
Khhphhhob H. A., KjnoHaHHeB M. H., KoHOHeHKO B. H., Kopo6eii- 
hhk K). O., KyjiHHi n. n., KypbijieB 51. B., JIanTeB T. H, JleBHH B. 51., 
JleBHTaH B. M., JIhxob JI. H., JLixoBeiparii T. B., MajiaMyn M. M., 
Map^eHKO B. A., MauaeB B. H., Mhkhtiok 51. B., MypaBHHK A. B., 
HafiMapK M. A., HarHH6H [ n;a H. H., OjieBCKHfl: M. H., njiaTOHOB C. C, 

nOB3Hep A. 51., nOJIHHKHH B. T., CaXHOBHH JI. A., Chthhk C. M., Co- 

xhh A. C, CTanieBCKaa B. B., Qa/meeB JI. ,ZL, Oare ,ZL K., <Domhh B. JI., 
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XanaTpHH H. R, XpoMOB A. II., IIlMyjieBHH C. JS,., 5IpoanaBHeBa B. 51. 
Pa3yMeeTca, stot ciihcok He nojiOH h mojk6t 6bitb cymecTBeHHO pacinii- 
peH. 

CneniiajiBHO otmctem BKjia^, MaTeMauiKOB XapBKOBCKOfi ihkojibi b 
pa3BHTHe Teopiiii onepaTopoB npeo6pa30BaHHH, kotopbih oneHb 3HaHii- 
TejieH: B.A. MapneHKO, H.H. Axiie3ep, B.M. JleBHTaH, B.B. CTaineB- 
CKaa, A. 51. noB3Hep, 51. H. JKhtomhpckhh, A.C. Coxhh, JI.A. CaxHOBiin, 
B.5L Bojik h flpyrne. 
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2. OnepaTopti npeo6pa30BaHHH ajih onepaTopoB 
LUTypMa-JlHyBHJiJiH. 

PaccMOTpHM 3a/i,aHy nocTpoeHHH pa3jiHHHMx Oil, cnjieTaioiHHx npo- 
CTeiiinHH onepaTop IIlTypMa-JlHyBHjijiH 

y"(x) + \ 2 y{x) = (L y){x) (2) 

c onepaTopoM IIlTypMa-JlHyBHjijia: o6mero BH,n,a 

y"(x) + q(x)y(x) + X 2 y(x) = (Ly)(x). (3) 

<SyHKn,HH q(x) b (67) Ha3HBaeTCH noTeHiniajiBHOH cpyHKinieii. 3ia cpyHK- 
n,HH mojkbt 6biTb KOMiijiCKCHOH , hhcjio A G C, nepeMeHHaa X G M. Mbl 
hihcm Oil, yn,OBjieTBopaioiii,HH TOJKflecTBy 

SLf = L Sf (4) 

Ha noflxoflHiinix cpyHKiniax f(x) h npn ^aHHbix q(x) h A. EcTecTBenHtio 
Tpe6oBaHHH k Oil S — jiHHeftHOCTb h o6paTHMOCTb b CTaH,n;apTHbix npo- 
CTpaHCTBax. Tpe6oBaHne jihhchhocth S nocjie noflCTanoBKH (66) h (67) 
b (68) npiiBOfliiT k cooTHOineHHio, KOTopoe He 3aBHCHT ot A 

S (D 2 + q(x)) f = D 2 Sf, (5) 

r^e o6o3HaneHO D = d/dx. Tpe6oBaHHe o6paTHMOCTH ecTecTBeHHtiM 
o6pa30M npHBO,u;HT k noHCKy Oil 5* b BH^e HHTerpajibHoro onepaTopa 

b(x) 

(Sf)(x)= J K(x,t)f(t)dt (6) 

a(x) 

npnioM a,u;po K{x 1 t) b o6meM cjiynae mojk6t 6bitb pacnpeflejieHHCM 
(HanpHMep, K(x 1 t) = 5(x — t) + G(x,t), G — rjiaflKaa (pyHKinia). B 
(popMyjie (70) a(x), b(x) — HeKOTopbie cpyHKHiiH R — »■ M. 

CymecTByiOT ^Ba HecKOjibKO pa3jiHHHbix noflxofla k nocTpoeHHio On. 
B nepBOM ohh ctpohtch jihhib Ha penieHHax ypaBHeHHfi L^y = 0, Ly = 
c onepaTopaMH (66)-(67). TaKoft MeTO/i, 6biji npHHHT b nHOHepcioix Kjiac- 
CHnecKHx pa6oTax no On, oh h H3jiaraeTCH bo Bcex KHHrax. noxojKe, 
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hto bo MHoroM eMy cjie/ryiOT TOjibKO 6jiaro,n;apH Tpa/nnniH. Ho bo3mo- 
»ceH ii BTopoii noflxofl, KOTopbiit MHe Ka»ceTCH 6ojiee cctgctbghhbim h 
o6ihhm, Kor,n;a Oil ctpohtch Ha npoii3BOjibHbix cpyHKiniax, bo3mojkho 

C HCKOTOpBIMH OrpaHHHeHHHMH pOCTa B (pIIKCHpOBaHHblX TOHKaX. Mbl 
KpaTKO H3JI05KHM IIMGHHO 3TOT nOflXOfl, CJieflyH [41], OH He HBJiaeTCH 06- 

m,onpHHHTbiM. 51cho, hto npH HaiHeM noflxofle Kjiacc HCCJie,zryeMbix Oil 
no6orane. C flpyroii CTopoHbi, onepaTop, nocTpoeHHbifi Ha co6cTBeHHbix 
(pyHKH,H ax npii jiio6bix A, MOJKeT 6biTb pacnpocTpaneH Ha floCTaTOH- 
ho ninpoKHe Kjiaccbi 6jiaroflapa nojiHOTe chctcm co6cTBeHHbix cpyHKiniii 
bo Bcex ochobhbix npocTpaHCTBax. IIosTOMy 3a hckjhohghhcm cyjKCHiiH 
MHOJKecTBa paccMaTpHBaeMbix Oil h nepBbifi o6menpHHHTbiH no^xofl He 
co3,n;aeT cepbe3Hbix orpaHHHeHHii b npnjiojKeHHHx. 

3aMeTHM, HTO Mbl 6yH,eM /TJIH KpaTKOCTH C HeKOTOpOH BOJIbHOCTbK) 

Ha3biBaTB onepaTopaMH /niepcpepeHiniajibHbie hjih HHTerpajibHbie Bbipa- 
>KeHHH, He Bcer^a yKa3biBaa npocTpaHCTBa, b kotopmx ^eftcTByiOT one- 
paTopbi. Ilpn nocTpoeHHH Oil npeflnojiaraeTCH, hto cpyHKiniH f(x) npn- 
Hafljie»caT HeKOTopoMy Kjiaccy h hto Hflpa K(x,t) o6jia,n;aiOT onpe- 
flejieHHOii rjia/i,KOCTbio no o6enM nepeMeHHbiM. 

II3 BbiHieH3jiojKeHHoro acHO, hto Han6ojiee H,ejiecoo6pa3HO HCKBTb 
Oil S KaK HHTerpajibHbie onepaTopbi BojibTeppa BToporo po,a,a: 



3flecb K(x,t) — rjiaflKaa cpyHKiniH, hhcjio c npHHa/rjiejKHT pacnmpeH- 
hoh hhcjioboh och R. BiviecTe c TeM b [41] paccMOTpeHbi h flpyrne bo3- 
MOJKHbie onepaTopbi. OnepaTopbi Bojibreppa (7) jierKO o6paiHaK>TCH b 
CTaH^apTHbix npocTpaHCTBax. CBo6o,n,a Bbi6opa npe^ejia HHTerpnpoBa- 

HHH n03B0JIHeT B KajKflOM KOHKpeTHOM CJiyHae HCnOJIb30BaTb Te Oil, 

KOTopbie HaHjiyHHiHM o6pa30M noflxo/i,aT pjin flaHHofi saflain. B nacT- 
hocth, npn c = nojiynaiOTca On, BnepBbie nocTpoemibie A. 51. no- 
B3HepoM h B. M. JleBHTaHOM [42-43] (cm. TaK»ce [44]), a npn c = +00 
nojiynaiOTCJi On, BnepBbie nocTpoeHHbie B. 51. JleBHHbiM [45], nocjie/i,- 
Hne coxpanaiOT acHMnTOTHKy Ha GecKOHeHHOCTH h Hcnojib3yK>TCH npn 
peineHHH o6paTHbix 3aflan KBaHTOBOii TeopnH pacceamiH. 



x 





c 
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flflu H^,pa Oil (7) b pe3yjibTaTe HecjiojKHbix BbinncjieHnn nojiynaeM 

d 2 K d 2 

7* + a?* (8) 

^K(x, x) = \q{x), (x, i)e!lcR 2 , (9) 
dx 2 

\\mW t (f,K{x,t)) = \\mW(x)=Q. (10) 

t— »c t— >c 

(Hepe3 f2 o6o3HaneHa o6jiacTb onpeflejieHnn cpyHKnnn K{x 1 t), 3aMbi- 
KaHiie KOTopon co^epjKHT naerb mraroHajin t — x, W t — onpeflejinTejib 
BpoHCKOro c npoH3BO,u;HijiMH no t.) 

YpaBHeHHe (8) HBjiaeTca CTaH^apTHbiM b toh 3a,n,aHe, KOTopyio mm 
paccMaTpHBaeM. YcjiOBne (10) noKa3biBaeT BbmejieHHOCTb tohkh c. Oho 
cbo/],htch k BecoBbiM rpaHHHHbiM ycjiOBHHM Ha (pyHKnnio / (x) h ee 
nepByio npoH3BO,zrHyio f'(x) npn x — > c h miKTyeT BbiSop Kjiacca cpyHK- 
h,hh $. BajKHefiHiee paBencTBO (9) ycTaHaBjiHBaeT, hto SHaneHHe Hflpa 
Oil K(x,t) Ha flnaroHajiH t = x no3BOjis:eT BOCCTaHOBHTb noTeHHiiaji 
(7(2;). 3tot (paKT HBjiaeTCH ochobhmm b TeopHH o6paTHbix 3a,naH. no- 
STOMy Han6ojiee pacnpocTpaHCHHbie MeTomj peineHHH o6paTHbix 3&p@?i 
CBOflHTca HMeHHO k HaxojK^eHHio a,u;pa On no cneKTpajibHoii cpyHKinin 
(KaK b ypaBHCHHH TejibcpaHfla-JleBHTaHa, nojiyneHHOM B.M. JleBHTa- 
hom) hjih no flaHHbiM pacceaHna (icaK b ypaBHCHnn MapneHKo). 

HTo6bi nocTpoHTb penienna cncTeMbi (8-10), CHanajia Hysoio 3a<pHK- 
cnpoBaTb Kjiacc $ TaK, HTo6bi Bbinojimuiocb ycjiOBne (10), HanpnMep : 
f(x) € C 2 ,/(c) = f'(c) = 0. JJ^ajiee o6binHO peajiroyeTCH cjieflyroiniril 
njiaH flencTBHH. Ha nepBOM mare nepexo/raT ot ypaBHeHHH b nacTHbix 
npoH3Bo/i,Hbix k HHTerpajibHOMy. 3th ypaBHeHna hc SKBHBajieHTHbi, op,- 
HaKO KajKfloe penieHne HHTerpajibHoro ypaBHeHna yupBjieTBopneT nc- 
xo^HOMy rnnep6ojinnecKOMy. Ha stom mare ,n,OKa3biBaeTCH cyinecTBOBa- 
Hne HeKOToporo a/jpa On n ero onpe,n,ejieHHaa rjia,n,KOCTb. Ha btopom 
mare npoBepaiOTCa ^onojiHHTejibHbie ycjiOBna fljia a,zrpa n Bbi6npaeTcn 
no/rxoflamnn Kjiacc (pyHKnnn $. 9thm 3aKaHnnBaeTca nocTpoeHne On. 

HTaK, nepeiifleM k pemeHHio ypaBHeHna 

d 2 K 8 2 K , . 

c flonojiHHTejibHbiM ycjiOBneM Ha miaroHajin x = t (cm. (9)), 

K{x,x)= l -q{x). (12) 
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BbinojiHHM CTanflapTHyio 3aMeHy nepeMeHHtix no cpopMynaM 

u= l -(x + t), v=^{x-t). (13) 
Ilpn 3tom ypaBHeime /niaroHajin x = t b hobbix nepeMeHHbix npnivieT 

BHfl V = 0. 

BBe^eM o6o3HaH6Hiie fljia a,n;pa b hobbix nepeMenHtix 

H(u,v) = K(u + v,u-v) = K(x,t). (14) 
fljia (pyHKUHii H nepefi^eM ot cooTnomeHnn (11)— (12) k hobbim 

1^ (15) 

U 

H(u,0) = \J q(s)ds. (16) 

c 

3,a,ecb (pyHKinia q(u—v) flOjracHa 6bitb 3aflaHa, c — npoH3BOjiBHoe hhcjio, 

B03MOJKHO C = ±00. 

Heo6xo^,HMO c/jejiaTB BajKHoe 3aMenaHne. H3 cpopMyn 3aMenbi (13) 
cjie^yeT, hto bo3mojkho Kax u > 0, v > 0, TaK h u < 0, » < 0. 

CiiCTeMa (15)— (16) — 3to 3a/i,ana Koihh jihihb c oahmm HanajiBHBiM 
ycjiOBH6M. IIosTOMy npn ©ctcctbchhbix npe/uiojiojKeHnax Ha q (q(x) G 
C 1 ) 3Ta CHCTeMa hmcct GecKOHenHO MHoro penieHHii. One/ipBaTejiBHO, 
npn KajKflOM noTemniajie q(x) cymecTByeT 6ecKOHenHO MHoro Oil, Ha- 
npHMep, BH/i,a (7). 3to npesBBinanno yflo6HO b npmiojKGHiiHx, iyje mojk- 
ho BBi6iipaTB npn oflHOM n tom :ste noTemniajie pa3jiHHHBie Oil, Han6o- 
jiee noflxoflHmne pjisi KajKflon kohkpcthoh 3aflanH. 

IIpHBefleM 'HenecTHBiii' nyTb nocTpoeHna HexoToporo Kjiacca a,a,ep, 
ynpBjieTBopaiomHx chctgmg (15)— (16) . ,H,jra 3Toro ,n,ocTaTOHHO y6e,zniTB- 
ca, hto KajKfloe C 2 -peineHHe HHTerpajiBHoro ypaBHenna 

U U V 

H(u,v) = ^ J q(s)ds+ J da J q{a - P)H(a, f3) d/3 (17) 

c d 

ynpBjieTBopaeT chctcm© (15)— (16) fljia npon3BOjiBHBix nnceji c, d € R. 

'HecTHbiii' BBiBOfl ypaBHeHHa (17) npoBO/niTca no h3bccthoh CTaH- 
,n,apTHOH cxeMe c ncnojib30BaHneM (pyHKnnn PniviaHa [46-50]. IIosTOMy 
pjm Teopnn Oil BajKHoe SHanenne HMeeT HaxojKfleHne cpyHKnHii PnMaHa 
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/yifl KOHKpeTHMX ypaBHCHHH B HBHOM BHfle [47-66]. B 3TOM HanpaBjieHHH 

BH,a,ejiHM pa6oTbi KyfiGbiHieBCKO-CaMapcKOH MaTeMaTHnecKoii hikojibi 
nofl pyKOBOflCTBOM C. II. IlyjibKHHa h B. <J). BojiKOflaBOBa [51-57]. 

BajKHOCTb HCCJieflOBaHHH ypaBHCHHH (17) c pa3HbiMH c, d b tom, hto 

MM M05KBM 0,H,HOBpeMeHHO H3yHaTb H CJiyHaft C = d = 0, B03HHKaK>IHHH 

npH nocTpoeHHH Oil Tima BoB3Hepa— JleBHTaHa, h cjiynaii c = d = +oo, 
B03HHKaioiii;HH npH nocTpoeHHH Oil Tiina JleBHHa, h cjiynaft npoii3BOJib- 
hmx pa3jiHHHbix c, c?. OBbiHHO 3th THnbi On H3yHajiHCb pa3flejibHO, a 
cjiynaii npoH3BOjibHbix c, d (c,d^0, c,d ^ ±oo) He paccMaTpiiBajica. 

/],OKa3aTejibCTBO cymecTBOBaHHH peineHHH fljia HHTerpajibHoro ypaB- 
HeHHH (17) He npeflCTaBjiaeT Tpya,a, oho npoBO/niTCH MeTOflOM nocjieflo- 
BaTejibHbix npH6jiHJKeHHH. BpH 3tom peuieHHe npe,n,CTaBjiHeTCH pnppM 
HeftMaHa [67]. HanpHMep, pjisi cjiynaa: c = d = n cyMMHpyeMoro no- 
TCHiniajia nojiynaeTCH TaKoii THnHHHbift pe3ynbTaT [4-6, 22-23]. 

Teopeivra 1. flycTb qbyHKifna q(x) € C k , c = d = 0. Tor^a yp&Bse- 
Hue (1 7) HMeeT g/^hhctbghhog penieaiie, yflOBjieTBopaionjee oi^eHKe 

\K(x,t)\ < I W (^) CXP ^(x) ffl (^) - <n(^)) , (18) 

r/je BBe^eHbi o6o3Ha, T ieHiix 

f-S px px 

w(u) = max | / q(y) dy\,a (x) = / \q(t)\ dt,a\{x) = / a (t)dt. 
a^s^u J J J 

(19) 

Ecjiii qbyHKijHii q(x) HMeeT k ^ HenpephiBHhix npoii3BOflHhix, to sippo 
Oil K{x, t) aueeT k + 1 HenpephiBHyio npoH3BO^Hyio no o6enM nepeueH- 

HblM. 

AHajiorHHHO b stom cjiynae flOKa3biBaeTCH cymecTBOBaHHe h efliiH- 
CTBeHHOCTb o6paTHoro onepaTopa k OB (7) b npocTpaHCTBax C 2 hjih 
L 2 . J\tisi ajxp& o6paTHoro onepaTopa ,n,OKa3biBaiOTCH aHajiornnHbie Teo- 
peMe 1 ohchkh, rjia,u;KOCTb H,apa, cooTHOineHHe MBTKjry a^paMH npaMoro 
h o6paTHoro onepaTopoB. 3aMeTHM, hto o6paTHbiii k (7) P = S^ 1 Taicsce 
HBjiaeTCH OB h /jeiicTByeT no npaBHjiy PLgf = LPf, cm. [22-23]. 

06ihhh cjiynaft npoH3BOjibHbix c, d pa3o6pan b [41]. TaM »ce hbho no- 
CTpoeHbi Hflpa fljia HeKOTopux npocTeHiHHx noTeHiniajiOB, b ochobhom 
BbipajKaioiHHecH nepe3 cpyHKHHH Becceira h MaK/ipHajib^a. BojiyneHbi 

OH6HKH Hflep flJIH nOTeHHIiajIOB, yflOBJieTBOpHIOIHHX pa3JIHHHbIM paBHO- 

MepHbiM HepaBeHCTBaM. 
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OueHKy (18) mojkho yTOHHHTb pa3HbiMH cnoco6aMH, npii stom ocjia6- 
jihh ycjiOBHa Ha noTemniaji, cm. [4-6, 21-23]. Haii6cuiee cnjibHbie pe3yjn>- 

TaTH B 3TOM HanpaBJIGHHH npH MHHHMajIbHblX Tpe60BaHHHX K nOTCHHH- 

ajiy mtokho nojiyHHTb, Hcnojib3ya MeTOflbi oneHb HHTepecnoft KHiirii [69]. 
B Heft B. A. HepHHTHHbiM nojiyneHbi OKOHnaTejibHbie Heo6xo,n;HMbie h pp- 
CTaTOHHbie ycjiOBHH Ha noTeHiniaji pjisi pa3peuiHMOCTH CMeniaHHOft 3a,u;a- 
hh fljia: rHnep6ojiHHecKoro ypaBHeHHH (8), hto 3aBepniHjio HCCJie,n,OBaHHH 
B. A. CTeKjiOBa, H. T. IleTpoBCKoro, B. M. Jle-BHTaHa, B. n. MnxaftjiOBa, 
B. A. HjibHHa no stoh 3aflane; npn 3 om Hcnojib30BajiCH mcto^ 5>ypbe 
h npHHa^jiejKamaH A. H. KptuiOBy H^ea BbmejieHHH oco6eHHOCTeft H3 
pa^,a. MeTOfl pa6oTbi [69] oneHb 6jih30k H,u;eftHO MeTO,a,aM TeopnH On, 
oh h 6biji npHcnoco6jieH fljia ,n,OKa3aTejn>CTBa cymecTBOBaHHH On c He 
oneHb xopouiHM noTeHiniajiOM b [41]. KpoMe Toro, b [41] nojiyneHa oueH- 
Ka HeBH3KH SLf — LqS/ b cooTHOHieHHH (68) fljin Toro cjiynaa, KOiyja 
On S 3a^aH c oniH6Koft, HanpnMcp, o6pa30BaBineftcH ot 3aMeHbi pH,n,a 
HeftMaHa npn penieHHH HHTerpajibHoro ypaBHeHHH kohchhoh cyMMOft. 
Pe3yjiBTaTbi B. A. MepHSTHHa ,n,pyrHM cnoco6oM, KOToptift npe,n;cTaBjia- 
eTCH 6ojiee npocTbiM, 6bijih BnocneflCTBHH nojiyneHbi B.Jl.IlpaflHeBbiM 
[389]. 

BiviecTe c TeM, HHTepecHbiM KaK pjia TeopHH, Tax h pjm npaKTH- 
necKHx npHjiojKeHHft aBjiaeTca paccMOTpeHne onepaTopoB IIlTypMa- 
JlnyBHjijia c coBceM njioxHMH noTeHiniajiaMH, BnjiOTb flo pacnpeflejie- 
hhh. Pe3yjibTaTbi b stom HanpaBjieHHH c npnjiojKeHHHMH k cneKTpajib- 
Hoft TeopHH h cpopMynaM cjieflOB nojiyneHbi b [70-74] A. A. LUKajiHKO- 
bbim h ero yneHHKaMH . HeKOTopwe flpyrne pe3yjn>TaTbi pjisi no,n;o6Hbix 
On cm. b [75-77]. Pa3yMeeTCH, hto sto HanpaBjieHHe TaKsce co,ii;ep}KHT 
pa6oTM, b KOTopbix cymecTBeHHO Hcnojib3yiOTCH MeTOflbi TeopHH On; 
TaK b [391-393] Tphhhb h Mhkhtiok H3ynaiOT nocTpoeHne On pjin njio- 
xh x noTeHHiiajiOB h hx nocjie,nyioiHee npHMCHeHHH pjisi penieHHH o6paT- 
Hbix 3aflan. 

BMecTe c TeM On onpeflejieHHoro BH/i,a cymecTByiOT He Bceiyja. Pha 
OTpHL^aTejiBHBix pe3yjibTaT0B nojiyneH b [41]. Tax He cymecTByeT On 
b cpopMe onepaTopa QpeflrojitMa BToporo po^a c rjia^KHM HeHyjieBtiM 
noTeHH,HajiOM. He cymecTByeT jiHHeftHoro On, cnjieTaioiHero HejniHeft- 
Hbift onepaTop D 2 y + y 2 co BTopoft nporaBO/nroft. fljisi On (7) b cjiynae 
npocTeftniHx noTeHiniajiOB q(x) = x 2 ,cosx sippa. He MoryT 6biTb aHajin- 

THHeCKHMH CpyHKHHHMH. 3tHM oGtHCHHCTCH, HanpHMep, TOT (paKT, HTO 
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flflsi cpyHKHHH MaTte (peineHHii ypaBHeHHH D 2 y + cos{x)y = \y) HeT 
npocTbix HHTerpajibHbix BbipajKEHHH nepe3 TpiiroHOMeTpii eciaie hjih 
3KcnoHeHn,HajiBHbie (py hkhhh . 

B 3aKjiK>HeHHe 3Toro nyHKTa otmcthm TaKoii yzniBHTejibHbiH cpaKT: 

BO BCeX H3B6CTHBIX KHHraX H pa6oTaX, HaHHHaa C B03HHKHOBCHH5I TeopHH 

onepaTopoB npeo6pa30BaHHH, cpa3y paccMaTpiiBajiiicb h ctpohjthcb Oil 
^jih flH(p(pepeHn,HajibHbix onepaTopoB emopozo nopndKa. Ho Haii6ojiee 
jiorHHHO HanaTb nocTpoeHiie TeopHH Oil c paccMOTpeHHH onepaTopoB 
nepeozo nopndKa Bifla D — q(x). B stom cjryiae cooTBeTCTByroiinie Oil 

flOJCKHBI yflOBJieTBOpSTb CnjieTaiOIHHM COOTHOHieHHHM 

T 1 (D-q(x))=DT 1 , T 2 D = (D - q{x))T 2 . 

3tot npo6eji b jiHTepaType ycTpaHeH b [41], iyi,e nocTpoeHbi cooTBeT- 
CTByioiHHe Oil. OTKpbiTbiM ocTaeTCH TaKoii HHTepecHbiii Bonpoc: mojk- 
ho jih H3 3thx Oil jijiR /niepcpepeHiniajitHtix onepaTopoB nepeozo nopnd- 
Ka CKOHCTpynpoBaTb On p,jisl flHcpepepeHi^HajibHbix onepaTopoB emopozo 
nopndKa? Bonpoc ocTaeTca otkpbitbim fla»ce b cjiynae npocTefiinero no- 
CToaHHoro noTeHHHajia q(x) = a 2 , xoth onepaTop niTypMa-JlHyBHjijiH 
npH noivioiHH H3BecTHbix 3aMeH pa3jiaraeTca Ha mhojkhtcjih nepBoro no- 
paflKa. 
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3. OnepaTopM npeo6pa30BaHHH BeKya 3p/j,eiiH JlayH^eca. 

MacTHbiii cjiynaii Oil pjisi onepaTopa UlTypMa-JliiyBiuijiH (69) no- 
jiy^aeTCH npn Bt>i6ope nocrosHHoro noTeHirnajia. Ilpn stom B03HiiKaeT 
BajKHbiii Kjiacc Oil BeKya-3p,n,eHH-JlayH,zi,eca, KOTopbie ocymecTBjisnoT 
cflBHr no cneKTpajibHOMy napaneTpy. 

OnPEflEJTEHHE 2. 06o6m,eHHbiM onepaTopoM npeo6pa30BaHiia Be- 
Kya - Sprite - JlayH^eca (B3J1) Ha3biBaeTCH cnjieTaroinnn onepaTop 
flfls napbi (A+Xi, A + \2), iyje A - HeKOToptin 6a30Bbin onepaTop, Ai, A2 
- KOMnjieKCHbie nncjia. 

IlHblMH CJIOBaMH 

T(A + \ 1 ) = {A + \ 2 )T. (20) 

Oil B3JI 6bijih no pa3HbiM noBO^aM BBefleHti n H3yHeHti b paGoTax 
H.H. Be K ya [78-81], A. Sp^eta [82-84] h R>k. C. JIay Hfl eca [85-87]. 
B hx paGoTax paccMaTpnBajincb Taxne 6a30Bbie flnepcpepeHnnajiBHtic 
onepaTopti: 

A = D 2 = ^-, A = B u = D 2 + ^^D,A = x^B v . (21) 
ax 2 x 

IlepBMH Oil B3JI 6biji nocTpoeH Hjiteii HecTopoBnneM BeKya b BH^e 

Jxf(x) = f{x) £ t M ^L_ t2) f{t) dt, MD 2 + A) = D 2 J A , (22) 

r^e Ji(-) — (pyHKiins Beccejia. TaKoii Oil mojkct 6biTb Hcnojrt30BaH, 
HanpHMep, pjm npeflCTaBjieHHH peineHHH TejierpacpHoro ypaBHeHna ne- 
pe3 penieHHH BOjiHOBoro. B stom npoHBjiaeTCH ocHOBHaa pojib, KOTopyio 
Oil B3JI nrpaiOT b Teopnn /niepcpepeHnnajitHtix ypaBHeHnii b HacTHbix 
npoH3BOflHBix — ohh ocymecTBjiaiOT c,u;BHr no cneKTpajibHOMy napaMeT- 
py. nosTOMy c nx noMom,bio nojiynaiOTCH npejrcTaBjieHHH peineHHH jijih 
3a;iaH 'c jisnvi6^,a' nepe3 peineHHH 3aflan '6e3 jiHM6fla', MHoroHHCjieHHbie 
npHMepbi mojkho HanTn b 3HHHKjione,zniHecKOH MOHorpacpnn [34] n ccbiji- 
Kax b Hen (cm. oco6chho rjiaBy 8). 

fljia A. 3p,n,eHH ochobhbim 6bijio H3yneHHe cbohctb caMiix onepaTO- 
poB BHfla (22), nx KOMno3Hn,nn n ohchok HopM, Torjia KaK JI^k. JlayH- 
flec b ochobhom H3yna.ii npe/i,CTaBjieHHe penieHnii pa3jiHHHi>rx 3a,a,aH jijih 
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ypaBHeHHii c nacTHbiMH npoH3BOflHbiMH npH noMOiHH no,n,o6HHx onepa- 
TopoB. MoTHBaHiiefi H. H. Beicya pjin bbg^ghhs Oil 6bijio Bbipa3HTb 
peinenHH ypaBHeHHH Ait + Xu = 0, k KOTopoMy cbo/hitch npocTeiiniaa 
3aflana TeopHH ynpyrocrii, nepe3 rapMOHnnecKHe cpyHKHHH. 3aTeM oh 
paccMOTpeji h 6ojiee cnojKHtie ypaBHCHHH, b ochobhom B03HHKaiomHC 
b MexaHiiKe. IIpocTeHiHHH no,u;o6HbiH HHTerpajitHbiii on paTop, nepeBO- 
jxhhhih aHajiHTHHecKne cpyHKi^iiii b rapMOHiinecKiie, 6biji y»ce jjeibho k 
TOMy BpeMeHH H3BecTeH, ero bb§ji 3. YnTTeKep. 

TaK B03HHKjia HOBaa Teopna o6o6m;eHHbix aHajinTHnecKnx cpyHKHiin, 
Ha^iHHaiomaaca c nocTpoeHHH onepaTopoB, BtipajKaioiHHx penieHna pa3- 
jiHHHbix cjiojKHbix ypaBHCHHH nepe3 aHajIHTHHeCKHe hjih rapMOHHnecKHe 
(pyHKn,HH. OnpeflejieHiie TaKHx o6o6meHHbix aHajiHTHHeciorx cpyHKHHH 
MOxteT 6biTb ,n,aHO Ha s3tiKe Oil: b ^eiicTBHTejibHOM cjiynae ohh bo3- 
HHKaiOT npn paccMOTpeHHH Oil, KOToptie cnjieTaiOT HeKOTopwH ,znrcp~ 
(pepeHH,Hajn>HbiH onepaTop c nacTHbiMH npoH3BO^HbiMH c onepaTopoM 
JIanjiaca hjih ero CTenemiMH, a b KOMnjieKCHOM cjiynae ohh B03HHKa- 
iot npn paccMOTpeHHH Oil, KOTopbie cnjieTaiOT ypaBHeH h (onepaTop) 
KoiHH-PnMaHa (=3Hjiepa- r ZI,ejiaM6epa) c ero o6o6meHHbiMH aHajioraMH. 
Ilocjie BeKya, Spppwn h JIayHfleca TeopHH o6o6iHeHHbix aHajiHTHnecKHx 
cpyHKHHH HMeHHO b pa3pe3e aBHoro nocTpoeHHH onepaTopoB npeo6pa- 
30BaHHa floCTpaHBajiacb b pa6oTax H3BecTHoro aMepHKaHCKoro MaTe- 
MaTHKa CTecpaHa BeprMaHa h ero ynenHKOB (onepaTopbi BeprMaHa- 
FHji6epTa) [88, 7, 10, 14]. Ilpn stom pjin Tpex h 6ojiee nepeMeHHbix 
Bee CTaHOBHTca HaMHoro cjiojKHee h HHTepecHee. Otmcthm, hto pa6oTbi 
BeprMaHa cymecTBeHHO Hcnojib3yiOT Teopnio cneHHajibHbix cpyHKHHH, b 
HacTHOCTH, rnnepreoMeTpHHecKHx. IIpHjio>KeHHH k cpH3HHecKHM 3a,n;a- 
iaM paccMaTpHBajiHCB JI. BepcoM, A. rejn>6apTOM, A. BairaiHTeHHOM 
(GASPT — Teopna o6o6meHHoro ocecHMMeTpHnecKoro noTeHinrajia) [89- 
93]. Cjie/ryeT otmcthtb TaKsce pa6oTbi [94, 37], b KOTopbix T. H. IIojio- 
jkhh paccMOTpeji o6o6in;eHHH ypaBHeHHH KoniH-PHMaHa, penieHHH ko- 

TOpblX Ha3BaHbI HM p-aHajIHTHHBCKHMH H (j), Q ) — aHajIHTHHeCKHMH CpyHK- 

hhhmh. IIpHHafljiejKHOCTB o6o6meHHbrx aHajiHTHHecKHx cpyHKHHH pa3- 
jihhhmm npocTpancTBaM (Xapzni, CMnpHOBa, BMO) H3ynaeTca b pa6o- 
Tax OB. KjiHMeHTOBa [95-98]. CymecTBeHHbie pe3yntTaTBi jxirn TeopHH 
o6o6ni,eHHbix aHajiHTHnecKHx cpyHKHHH 6bijih TaK»ce nojiyneHH b pa6o- 
Tax B. BoapcKoro, H.K. BjineBa, JIT. MnxaiijiOBa, A. II. CojruaTOBa h 
Apyrnx. 
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Oil B3JI H3yHajiHCb Tclkjkc b [99-101], nepeHncjinM HCKOTopbie no- 
jiyneHHbie TaM pe3yjibTaTbi. BHanajie BbiflejieHO ceMencTBO H3 bocbmii 
ochobhmx onepaTopoB B3JI. H3ynenbi <paKTopH3annn sthx onepaTopoB 
nepe3 6ojiee npocTbie: Oypbe, XanKejin, ,npo6Hbie HHTerpajibi PiiMaHa- 
JlnyBHjijia:, 3p,u;eHH-Ko6epa n flpyrne [34]. Hsy^ienbi nojiyrpynnoBbie 
CBOiicTBa BBefleHHbix onepaTopoB B3JI no napaMeTpy. OnncaHbi o6mne 
MeTO,n,bi nocTpoeHHH Oil B3JI H3 ysce h3bccthbix. Ha stom nym nojiy- 
neHbi HOBbie onepaTopti B3JI, Hflpa KOTopbix BbipajKaiOTcn nepe3 rimep- 
reoMeTpHHecKne (pyHKnnn ot hgckojtbkiix nepeMemibix: PaiiTa, OoKca, 
TyMSepTa, Annejin, KaMne ,n,e Qepbe n flpyrne [102-120]. B [41, 99-101] 
HaftflCHM hobbic ceMeftcTBa On, 3aBHCHinne ot npon3BOjibHbix napaMeT- 

pOB. 

TaKJKe nocTpoeHO B3aiiMHO o^HOSHaHHoe cooTBeTCTBiie MejK^y Oil 
B3JI n On, cnjieTaiomHMH BecoBbie onepaTopbi Beccejin c pa3HbiMH 

HHflCKCaMH: 

T{x 2 B v ) = (x 2 B fJ _)T, B U = D 2 + ^^D, (23) 

x 

TaKne Oil H3ynajiHCb b [121], iyje nojiyneH ofliH Kjiacc no/i,o6Hbrx onepa- 
TopoB. B [99] Haft^eHbi cpopMyjibi, peniaioinHe sa^a^y 06 onncaHnn On 
co cbohctbom (23) b o6meM bh/jc OKa3biBaeTCH, hto no icaac^OMy On 
B3JI co cbohctbom (20) mojkho hbho BbinncaTb On co cbohctbom (23). 

TaKHM o6pa30M, Teopnn onepaTopoB npeo6pa30BaHnn Beicya— 
Spflenn — JIayHfleca npeflCTaBjineTcn cepopMnpoBaBinnMcn pa3,n,ejiOM 06- 
ineii Teopnn On c floCTaTOHHO 6ojibinHM Ha6opoM co6cTBeHHbix pe3yjib- 

TaTOB H Ba>KHbIMH npHMCHCHHHMH B TCOpHH ypaBHCHHH C HaCTHblMH 

npoH3BO/i,HbiMH, Teopnn cpyHKniiH, KOMnjiCKCHOM aHajiH3e, Teopnn cne- 
HHajibHbix cpyHKniiH. 3aMenaTejibHO, hto Hanajio stoh njio,a,OTBopHOH 
T6MHTHKH 6bijio 3ajiojKeHO b Tpyqax aKafleMMKa Hjibn HecTopoBnna Be- 
Kya, CTOJierae co /nra pojKfleHnn KOToporo OTMenajiocb b 2007 ro,ny. 
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4. OnepaTopti npeo6pa30BaHHH rjisi o6bu,hx 
flHCpcpepempiajiBHMX onepaTopoB c nepeivieHHbiMH 

K03<p<pHI],HeHTaMH. 

Tenepb nepeiifleM k paccMOTpeHHio Bonpoca o cymecTBOBaHHH Oil T, 
KOTopbiii cnjieTaeT /nm npoH3BOjibHbix jiHHeimbix ,n,H(pcpepeHHHajibHbrx 
onepaTopa 



B 3tom cjiynae sa/iana cymecTBeHHO ycjiojKHaeTca, He Bee nocTpo- 
chhs OKa3biBaiOTca TeopeTii^ecKH bo3mojkhbimh, hto HanoMHHaeT Teo- 
piiK) pa3peniHM0CTH ajire6paH x iecKHx ypaBHeHHii Bbiciniix nopa^KOB. 

IIo-BHflHMOMy, BnepBbie 3aflany o nocTpoeHiiii Oil BH^a (24) b tom 
cjiynae, KOiyja b (24) cnpaBa ctoht onepaTop /iricpcpepeHHHpoBaHHfl n-ro 
nopaflKa, b o6ihhx nepTax ccpopMyniipoBaji >KaH flejibcapT (hjich rpyn- 
nbi Byp6aKH) b 1938 r [122](o6paTiiM BHiiiviaHiie, hto bo Bcex pycciaix 
KHiirax b ccbijiKax Ha 3Ty CTaTbio HeBepHO yKa3aHbi HOMepa CTpaHHH,, to 
ecTb CKopee Bcero hh oahh aBTop ee He HHTaji!). 3aTeM o6mee o6cy»c^,e- 

HHe npOflOJEKHJIOCb, B TOM HHCJie COBMeCTHO c JK. JI. JIhohcom [123-126]. 
IIpH 3TOM pOJIb 3THX flByX <ppaHHy3CKHX MaTeMaTHKOB flJIH TeopHH Oil 

Ha Mofi: B3rjiH/i, coBepineHHO pa3jiHHHa. Pa6 otbi ^ejibcapTa co^epacaT 
6ojibnioe hhcjio HOBbix HHTepecHbix pe3yjibTaTOB (cm. HHJKe). Pa6oTbi 
*ce JlnoHca no flaHHoft TeMaTHKe coflepjKaT Ha6op OHeBH/nibix paccyjK- 
flCHHii, TpHBHajibHbix BbiKjiaflOK o6mero njiaHa hjih HeBepHbix pe3yjn>- 
TaTOB. (BcnoMHHaio, KaK Mynnji Hac, acnnpaHTOB, H. A. KnnpHHHOB, 
3acTaBjiaa pa36HpaTb KHnrn JlnoHca no KBa3Ho6pameHHio h JlnoHca- 
Ma^aceHeca no KpaeBbiM 3aflanaM, a TaioKe Jlepe no npeo6pa30BaHHio 
JIanjiaca. OcHOBHbie nepTbi 3Toro cthjih TaKOBbi: HanncaHO njioxo, Ha- 
CKopo, 6e3 BcaKoro yBajKeHHH k HHTaTejno; ,n,OKa3aTejibCTBa coflepxcaT 
TOjibKO oneBHflHoe, b nepB m 6ojiee-MeHee cjiojkhom MecTe cjiepyei ccbiji- 
Ka Ha flpyroft hctohhhk, nacTO HeBepHaa; HHTHpyiOTCH b ochobhom tojib- 
ko cboh pa6oTbi, b KpaimeM cjiynae ^pyrnx <ppaHiry30B. 51 He CTaji 6bi 
npHBO,u;HTb 3th 3jio6Hbie Bbina/i,bi 3flecb, ho, k cojKajieHHio, MaHepa Hann- 
caHHa pa6oT HbiHeniHHx 4>paHH,y3CKHx MaTeMaTHKOB, KaK cjie^yeT H3 ot- 
3biBOB jKHBym,ero h pa6oTaiomero Tan B. II. ApHOjib^a [127], hhckojibko 




(24) 
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He H3MeHHjiacb. Ka3ajioct> 6bi, hto MeinaeT hm 6paTb npHMep c JlarpaH- 
»ca, IlyaccoHa, IlyaHKape, npeKpacnbie paGoTbi KOToptix noxa hto em,e 
xpaHHTCH b 6ii6jiHOTeKax <ppaHn,y3CKHx yHHBepciiTeTOB, He tob pa ysce 
06 aBTopax BejiHKOfi (ppaHH,y3CK0H xynpjKecTBeHHOii jiHTepaTypbi! 3aTO 
Kaxoe yn,OBOjibCTBHe nocjie Bceft stoh ppe6ef\emi 6bijio npopa6aTbiBaTb 
HaniH yneGHHKH H. T. IleTpoBCKoro, C. JI. Co6ojieBa, C. T. MHxjiHHa, 
K). B. EropoBa no YHII !). 

BepHeMCH k Oil. OKa3ajiocb, hto fljia nocTpoeHna Oil b cjiy^ae AHcp- 
(pepeHH,HajibHbix onepaTopoB nopa,n;KOB Bbinie flByx cymecTBeHHyio pojib 
HeojKH,n;aHHO Ha^HHaeT nrpaTb aHajiHTHHHOCTb KOScpcpHinieHTOB. OTMe- 
thm, hto .zyia anynaa flHcpepepeHiniajibHoro onepaTopa BToporo nopa^Ka 
aHajiHTH^iHOCTb K03(p(pHri,HeHTOB npaKTHnecKH BOo6m,e He nrpaeT HHKa- 
Koft pojiH b safla^ax o nocTpoeHHH Oil. KpoMe Toro, cjie^yeT o6pa- 
THTb BHHMaHHe, hto Ha caMOM flejie cymecTByiOT jxbs. pa3Hbix no,a,xo,n,a 
k nocTpoeHHio Oil BHfla (24). IIpH nepBOM uoppopp paccMaTpnBaiOTca 
AOKCUibHue Oil, KOTopbie b pa3Hbix TOHKax oGjiacra onpeflejieHHH 3a,n,a- 
K>Tca pa3HbiMH BbipajKeHHHMH, ohh onpeflejieHbi jiOKajitHO h MeHaiOTca 

OT TOHKH K TOHK6. IIpH BTOpOM nOflXOfle CTpOHTCa ZJlo6a,JVbHUe Oil, KO- 

Topbie Ha Bcefi o6jiacTH onpe,n,ejieHHa 3a/i,aiOTca o/pniM BbipajKeHneM, 
HanpHMep, BH^a (70) c HeKOTopbiM a^poM. HyacHO noHHMaTb. nTO 3to 
ppe coBepnieHHO pa3Hbie 3a,n,aHH, no MeTO^aM hx penieHHa KaK OKa3ajiocb 
cymecTBeHHO pa3jiHHHbie h cxojkhc jinnib cpopMyjinpoBKOii. HanpHMep, 
OTBeT Ha Bonpoc caMOM cymecTBOBaHHH rjio6ajibHbix hjih jiOKajibHbix 
Oil npHHi^HnnajibHO OTjin^aeTca. JX&mnAik cpaKT nacTO He,n,ooHeHHBaeT- 
ca hjih HraopHpyeTCH, hto npHBO/niT k npHHHHnHajibHMM 0Hin6KaM. 

Bonpoc o cymecTBOBaHHH JiOKajibHbix On BH,n;a (24) 6biji BnepBbie 
nojraocTbio penieH M. K. Oare b 1957-58 rr. ([128-132], no,npo6Hoe H3- 
jiojKeHne b MOHorpaepnn [9] ) . B jinTepaType nacTO iniTHpyiOT KaK aBTO- 
poB 3Toro pe3yjibTaTa ^ejibcapTa h JlnoHca, OflHaKO nx pe3yjibTaT aB- 
jiaeTca HeBepHbiM n coflepjKHT npHHininHajibHwe HeycTpaHHMbie oihh6- 
kh, (cm. hhjkc). Ochobhoh BbiBOfl TaKOB: flHepcpepeHiniajibHbie onepa- 
Topbi BHfla (24) c HenpepbiBHbiMH KOScpepninieHTaMH o/nroro nopa/n<a c 

eflHHHHHblMH CTapUIHMH KOSCpCpHHHeHTaMH JlOKCUlbHO 9K6U6(UieHmHU Ha 

MHOJKecTBe aHajiHTHnecKHx (py hkhhh . 3KBHBajieHTH0CTb 03HaHaeT, HTO 
Ha aHajiHTHHecKHx npocTpaHCTBax cpyHKHiiii Gbijio /i,OKa3aHO He tojibko 
cymecTBOBaHHe JiOKajibHbix On, ho h hx HcnpepbiBHaa o6paTHMOCTb. 
OcHOBHbie pe3yjibTaTbi 6bijih ccpopiviyjiHpoBaHbi h ,n,0Ka3aHbi M. K. Oare 
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b paMKax co3flaHHOii hm TeopHH (M, L)-aHajiHTHnecKHx (pyHKHHH. Hh- 
TepecHO OTMGTHTb, hto npH 3tom no cymecTBy /i,a}Ke He Hcnojib30BajiHCb 
MeTO,n,bi Teopnii ypaBHeHHfl c nacTHbiMH npoH3BO,n,HbiMH. CymecTBeHHtie 
pe3yjibTaTbi b ^hhom HanpaBjieHHH 6bijih nojiyneHbi B.A. MapneHKO. 

Tenepb paccMOTpHM dpyzym 3adauy o nocTpoeHHH zjio6ajibHOZO Oil b 
BHfle HHTerpajibHoro onepaTopa Bojibreppa BToporo po/ja c HeKOTopbiM 

HflpOM 



KaK noKa3ajiH BnepBbie JI. A. CaxHOBHH h B. H. MairaeB, sto He Bce- 
r,n,a bo3mojkho y?Ke pjin npocTeitHinx /nKpcpepeHiniajibHbix onepaTopoB 
TpeTtero nopa/nta [133-136]. 

TeopeMa 2. Ecjih cymecTByex Oil Bii^a (25), cnjieTamuniH onepa- 
Topbi Tperbero nopnpjia no qbopmyjie 



T(D 3 - q(x))f = (D 3 )Tf, f e C 2 (0, a), /'(0) - /"(0) = 0, (26) 



to noTennnaji q(x) siBjiaerca anajinxnnecKon cpymmnen Ha (0, a). 

AHajiHTHHHOCTb b 3TOM pe3yjibTaTe CTporo no cymecTBy. C o,u;hoh 
CTopoHbi, JI. A. CaxHOBH^eM 6bijio noKa3aHO, hto pjia aHajiHTHnecKHx 
noTeHH,HajiOB q(x) 3aflana o nocTpoeHHH hckomoto Oil Bcer^a pa3peniH- 
Ma [136]. C /njyroii CTopoHbi, 6bijio ,n,OKa3aHO, hto pjm nyTb xyflinnx He 
6ecKOHenHO /nicpcpepeHinipyeivibix q(x), hckombih Oil .zyia onepaTopoB 
neTBepToro nopa/nta T(D 4 — q(x))f = (D A )T f MO»ceT He cymecTBOBaTb 
[135-136]; nepepa6oTaHHbiH noflo6HbiH npmiep pjisi onepaTopa TpeTbero 
nopaflKa c KycoHHO-nocTOHHHbiM noTeHirnajiOM npHBe,n,eH b [40]. TaKHM 
o6pa30M, nojiynaeTca, hto cbohctbo HajiHHHH Oil mojkct 6m Tb ycTpaHe- 
ho hjih /i,o6aBjieHO MajibiM HieBejieHHeivi KOScpepHirneHTOB, sto flaeT otbct 
Ha Bonpoc B. B. Jln^CKoro [142]. O Heo6xo,zi,HMbix ycjiOBnax cymecTBO- 
BaHHH On cm. TaK»ce [137-139]. 

B 3tom HanpaBjieHHH ^jih ^HcpipepeHHHajibHbix onepaTopoB o6mero 
BH^,a OKOHnaTejibHbie pe3yjibTaTbi 6bijiH nojiyneHbi b paSoTax M. M. Ma- 
jiaMyn,a [140-144]. B hhx paccMOTpeH Bonpoc o cymecTBOBaHHH On Ha 
peineHHHx npocTeHineH 3a,n,aHH Kohih 



u^\x, A) - X n u{x, A) = 0, (0, A) = a fc , < fc < n - 1, (27) 



X 




(25) 



o 
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h oGmeft 3a,n,aHH Koinii c nepeMeHHbiMH KOScpcpHHiieHTaMH 

+ gi (x)«("- 2 ) + • • • + - A n v = 0, (28) 

w (fc) (0, A) = 6 fe ,0 < fc < n - 1. 

ByneM KpaTKO roBopHTb, hto cymecTByeT Oil fljia ypaBHeHna (28), 
ecjiH fljia ero penieHHii cymecTByeT npe/jCTaBjieHne BHfla (25) nepe3 pe- 
ineHHH (29). 

CHanajia npHBe,n,eM pe3yjibTaTbi M. M. MajiaMyn,a fljia flBynjieHHoro 
ypaBHeHiia, a 3aTeM fljia o6mero cjiynaa. 

TeopeMa 3. Ecjih rjix ypaBHeHiia + q(x)v — \ n v = npn n ^ 3 
cympcTByeT OH, to (pyHKUHH q(x) siBjinexcsi aHajiiiTiinecKoft. 

TeopeMa 4. IlycTb a $C oo h qk(x) anajiHTHina Ha (0, a) npn 1 
fc ^ [^]. Torfla, ecjiH fljia ypaBHenHH (28) cymecTByeT Oil, to qbyHKiuiii 
qk{x) hbjihiotch anajiHTHHecKHMH ii npn [^] + 1 ^ fc $J n — 1. 

3th pe3yjibTaTbi yxce Hcnojn>3yiOT MHorne (paKTbi TGopnii ypaBHe- 
hhh c nacTHbiMH npoH3BO/i,Hi>iMH: MeTO/i, (pyHKHHH PniviaHa, pa3peniH- 
MOCTb CTporo sjijiHiiTHHecKHx no JIonaTHHCKOMy ypaBHGHHH, pe3yjib- 
TaTbi ArMOHa no pa3peniHMOCTH HejiHHeiiHbix ypaBHGHHH c sjijihhth- 
necKHM onepaTopoM b rjiaBHoii nacra, yTOHHeHHyio (popMy TeopeMbi 

KOHIH-KOBajieBCKOH (C HCnOJIB30BaHHeM JieMMbI P03eH6jHOMa BMeCTO 

MajKopaHT Kohih [145]) h t. j\. BHyTpeHHHii cmbicji TeopeMbi 4 b tom, 
hto BTopaa rpynna KOScpepHirneHTOB npn HajiHHHH Oil BbipajKaeTca ne- 
pe3 nepByio. PaccMOTpeHO TaioKe aHajiornnHoe (25) npeflCTaBjieHne, ho c 
HHTerpnpoBaHHeM no npoMejKyTKy (a;, oo). CymecTBeHHbie pe3yjn>TaTbi 
no nocTpoeHHio Oil BbicoKoro nopa/nta b yTOHHCHHtix o6jiacTax aHajin- 
thhhocth KOScpcpnnncHTOB 6bijiH nojiyHeHbi II. T. XanaTpaHOM. 

Tenepb nepen,n,eM k 6ojiee no,n,po6HOMy paccMOTpeHHio pe3yjibTaTOB 
H3 3aMeHaTejibHOH MOHorpacpnn [9]. A hx aobojibho MHoro. B stoh mo- 
HorpacpHH BBe/i,eHbi h H3yneHbi o6o6meHna aHajiHTnnecKHx cpyHKirnli — L 
h (L, M)-aHajiHTHHecKHe (py hkh,hh , hto no3BOjiHjio b tom nncjie o6t>- 
e^HHHTB MHorne paHee nojiyneHHtie pe3yjibTaTH. JIjik Taxnx cpyHKinifi 
nocTpoeHa Teopna pa,n,OB Tsftjiopa, BBe^eHHbix paHee b o^hom HacTHOM 
cjiynae ^ejibcapTOM. Han6ojiee npHHniinHajibHbiM pe3yjibTaTOM npe,n,- 
CTaBjiaeTca nojiyneHne rjio6ajn>Horo Oil ,n,jia cjiynaa nepeMeHHbix aHa- 

JIHTHHeCKHX KOSCpepHHHeHTOB B npOCTpaHCTBe a ajIHTHHeCKHX (pyHKL^HH. 



Transmutations and Applications. 



25 



TeopeMa 5. IlycTb Bee KoacpcpHifiieHThi ^iicpcpepeHiiiiajibHMx onepa- 

TOpOB P, Q HBJiaiOTCa ctHcLJIHTH^ieCKHMH (fryHKHpHMH. Tor^a B HGKOTOpOM 

npocTpaHCTBe aHajiiiTii^iecKiix cpyHKiifia (cm. TOHHbie cpopMyjiiipoBKii b 
[9]) cynjecTByeT Oil, npe^CTaBHMbilt b HHrerpajibHOM BHj^e a cnjieraio- 
bjhh P, Q: 

P = D n + p^WD"- 1 + ■■■+ Pl (x)D + p (x), (29) 
Q = D n + qn _ 1 {x)D n ~ 1 + ■■■+ qi (x)D + q (x),D = 

CymecTBeHHbie pe3ynbTaTbi nojiyneHbi b [9] h pjisi npeflCTaBjieHHH 
Oil (29) b iiHTerpajibHOM BH,n,e. B stom cjiynae pjin aflpa Oil bmccto 
CTaHflapTHoro flByiviepHoro rHnep6ojiHHecKoro ypaBHeHiia (8) nojiynaeT- 
ch Tax Ha3biBaeMoe ypaBHeHiic BnaHKH. B [9] nocTpoeHa nojinaa TGopiiH 
pa3peniHM0CTH sa^a^in Koinn pjm ypaBHCHna BnaHKH. nocTpoemie npo- 
Be/i,eHO MeTOflOM PiiMaHa c HcnojiB3OBaHH0M Tax Ha3biBaeMbix xapaKTe- 
pHCTHnecKHx nnpaMHfl. OopMyjibi nojiynaEDTCH floCTaTOHHO cnojKHtie, 
Ha HeKOTopoM 3Tane, HanpHMep, b hhx bxoaht ceMHKpaTHbie cy mmbi . 
rtosTOMy fljia o6in,ero cjiynaa (29) ohh ho ht KanecTBeHHbiH xapaKTep, 
npocTO yKa3biBaa Ha bo3mojkhoctb peajiH3anHH Oil b hckotopom hhtc- 
rpajibHOM BHfle. A bot pjik cjiynaa Q = D n HHTerpajibHbie npe/i,CTaBjie- 
hhh y»ce cymecTBeHHO ynpomeHbi h nojiyneHbi b hbhom BH,n;e. B nacT- 
hocth noKa3aHO, hto fljia MOflejibHbix cnyHaeB onepaTopoB LLlTypMa- 

JlHyBHJIJIH 3TH npeflCTaBJieHHH CBOflHTCH K H3BeCTHbIM B TCOpHH Oil. 

Pa3o6paH TaKJKe BajKHtifi Bonpoc 06 onepaTopax, KOMMyTHpyioiHHx c 
npoH3BO,n,HOH hjih ee CTeneHbio b npocTpaHCTBax aHajiHTH^iecKHx cpyHK- 
hhh. KoMMyTHpyiomHe onepaTopbi — sto HacTHbift cjiynait Oil. IIx BajK- 
hoctb pjin TeopnH Oil 3aKjHOHaeTca: b cjieflyromeM. IIpeflnojioJKHM, hto 
mbi HMeeM Oil co cbohctbom T A = BT ', a TaK*:e HeKOToptiH onepaTop 
K, KOMMyTHpyioiHHH c B. Toiyja moxho nocTpoHTt hobbih On c tcm 
jKe cbohctbom: 

Ti = KT, KB = BK, T\A = KTA = KBT = BKT = BT X . (30) 

Hjih aHajiorHHHO fljia onepaTopoB K, KOMMyTHpyioiHHx c A: 

T 2 = TK, KA = AK, T 2 A = TKA = TAK = BTK = BT 2 . (31) 

TaKHM o6pa30M, Banana 06 onncaHHH Bcex On SKBHBajieHTHa 3a^a- 
ne 06 onncaHHH Bcex KOMMyTHpyioiHHx onepaTopoB c jiio6biM H3 flByx 
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cnjieTaeMbix, TaK krk MejK/ry sthmh /TByivra ceMeiicTBaMH ecTb B3anMHO- 
o,n,H03HaHHoe cooTBeTCTBHe. Mojkho CKa3aTb, hto pjisi onncaHHa ecex 
Oil, cnjieTaromiix A h B, ^ocTaTOHHO 3HaTb ecezo odun mo6ou TaKoii 
Oil T\ h MHOJKecTBO ecex onepaTopoB K, KOMMyrapyioiHHx c B (c A). B 
3tom cjiynae Bee On nojiynaiOTca no (popMyjie T = XTi (T = T\K). C 
flpyroii eropoHbi, ,zrjia oniicaHiia ecex onepaTopoB, KOMMyTHpyiomiix c B 
(c A), ^ocTaTOHHO 3HaTb mhojkcc tbo ecex OH T , cnjieTaioiHiix An B. 
B 3tom cjiynae Bee KOMMyTHpyroiinre c B (c A) nojiynaiOTca no (popMyjie 
K = TiT^ 1 (K = T^ 1 T 2 ) npn flonojinnTejibHOM ycjiOBnn o6paTHMOCTn 
On. TaKHM o6pa30M, sth /i,Be 3aflann npaKTnnecKn SKBHBajieHTHbi. Bot 
noneMy b Teopnn On Taxyio BajKHyio pojib nrpaiOT onepaTopbi ,irpo6HO- 
ro HHTerpo^HcpepepeHHiipoBaHHa pa3jiHHHbix bh/job — npn ecTecTBenHbix 

yCJIOBHHX OHH KOMMyTHpyiOT CO 'CBOeft pOflHOft' npOH3BOflHOH H CJiyjKaT 

MaTepnajiOM fljia KOHCTpynpoBaHHa On. 

CnnTajiocb, hto 3a,naHa 06 onncaHnn onepaTopoB, KOMMyTHpyionnrx 
c npoH3BO,n;HOH, ,u;aBHO penieHa b npoiniTHpoB aHHbix Bbinie pa6oTax JIh- 
OHca n ^0,ejibcapTa, nosTOMy cnnTajiact pemeHHon n 3a/i,ana 06 onnca- 
Hnn Bcex On fljia: flHcpepepeHnnajibHbix onepaTopoB c aHajinTHnecKHMn 
KOsepcpnnneHTaMH. Ho KaK yKa3aHO b [9], cooTBeTCTByromne pa6oTbi co- 
,n;epjKaT rpy6bie onin6KH, Ha caMOM flejie TaM onncaHO He Bee mhojkc- 
ctbo KOMMyTHpyiomnx onepaTopoB, a tojibko ero HeKOTopaa co6ctbch- 
Haa nacTb. npaBnjibHbin pe3yjibTaT TaK»ce nojiyneH M. K. Oare n npn- 
BefleH b [9], c ero noivioiHbio mojkho onncaTb Bee bo3mo Hbie On, cnjieTa- 
loinne ^aHHbin /nrcpcpepeHHHajibHbiH onepaTop c npoH3BO/THOH Toro »ce 
nopa^Ka. 

Otmcthm, hto Teopna onepaTopoB b aHajinTHHecKnx npocTpaH- 
CTBax cpyHKn,HH, BajKHaa n ,n,jia npnjiojKeHnn k On, paccMaTpnBajiacb 
PO. CD. Kopo6efiHHKOM b ero MOHorpacpHax [146-147]. Teopna HHTe- 
rpajibHbix onepaTopoB b eme 6ojiee o6ihhx npocTpaHCTBax paccMOTpe- 
Ha, HanpnMep, b KHnrax B. T. QeracoBa [148], A. T. KycpaeBa [149], 
A. 3. naceHHyKa [150]. 

YxajKeM Ha cymecTBeHHOCTb ^jia nepeHncjieHHbix pe3yjibTaT0B pa- 
BeHCTBa eflHHnn,e CTaprnnx ko3cp<phhhchtob flHcpcpepeHHHajibHbix one- 
paTopoB. TaK, b [151] ,n,OKa3aHO, hto onepaTopbi D n exp(— z)D He sk- 
BHBajieHTHbi b npocTpaHCTBe nejibix aHajinTHHecKnx cpyHKHHii. MHoro- 
nncjieHHbie npHMepbi SKBHBajieHTHOCTH hjih ee OTCyTCTBHa /rjra flncp- 
(pepeHn,najibHbix onepaTopoB b pa3JinHHbix aHajinTHHecKnx npocTpaH- 
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CTBax paccMOTpeHM bo BTopoii nacTH MOHorpacpHH [9]. Otmcthm, ^ito 
cymecTBeHHyio pojit b TeopHH o6ihhx Oil ctirpajiH TamKe pe3yiibTaTbi 
B. A. MapHCHKO [152-156]. 

O HeKOTopbix flpyrnx pe3yjibTaTax SToro HanpaBjieHHH cm. [157-162]. 

TaKHM o6pa30M, mh6 npeflCTaBjiaeTca 6ojiee cnpaBe,n,jiHBbiM Ha3bi- 
BaTb Oil co cbohctbom (24) On ^ejibcapTa-Qare, (hjih ^ejitcapTa- 
MapHCHKO-cPare) , a He KaK npiiHHTO Ha 3ana,n,e Oil JlnoHca-^ejibcapTa. 
O BKjiafle OTeHecTBeHHbix MaTeMaraKOB He CKajKcnib jiynme Beflymero 
aiviepHKaHCKoro cnerniajiHCTa no Oil Po6epTa Ksppojia: "H^ea Oil, bo3- 
HHKHiaa b Hanajie 50-x, bocxoaht k rejib(paHfly, JleBHTaHy, MapneHKO, 
HafiMapKy h ^pyrHM. OHa 6bijia no^xBaneHa BHOBb flejibcapTOM h JIh- 
ohcom..."[163[. 
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5. OnepaTopM npeo6pa30BaHHH Tuna CoHraa h IlyaccoHa. 

IlepeHfleM k paccMOTpeHHio, HaBepHoe, caivioro H3BecTHoro Kjiacca 
Oil, cnjieTaiomHx flHepcpepeHrpiajiBHMii onepaTop Beccejia co BTopon 
npoH3BOflHoii: 

T{B v )f = (D 2 )Tf, B U = D 2 + ^r^D, D 2 = -^,veC. (32) 

KaK 6mjio OTMeneHO b n. 2, o^hmm h3 cnoco6oB nocTpoeHiia Oil 
HBjiaeTCH ycTaHOBjieHne cootbctctbhh Meyapy peineHHHMH cooTBeTCTBy- 
ioihhx /i,H(p(pepeHn,HajibHbix ypaBHeHHii. PeineHHHMH ypaBHeHHH bhrsl 
B v f = Xf hbjihiotch <pyHKu,HH Beccejia, a ypaBHemia D 2 f = Xf — 
TpiiroHOMeTpiiHecKiie (pyHKHHH hjih SKcnoHeHTa. IIosTOMy npoo6pa3aMH 
Oil Bii^a (32) 6bijin (popiviyjibi nyaccoHa h CoHHHa: 

M x) = ^ + \ )2 ^ x „ [ - t 8 )"" 4 cobW dt, Re „ > \ (33) 

_/„(*) = —_ -/ (t 2 -,: 2 )- l '- 3 S in(t)dt,--<Rc^<- (34) 

KaK o6mhho, HMeHHbie Ha3BaHHH (popMyji hocht ycjiOBHbifi xapax- 
Tep. HanneM c Toro, hto (pyHKHHH Beccejia fljia npoH3BOJibHoro HH/jeK- 
ca 6bijih BBeflenbi h HCCjie,n,OBaHbi bcjihkhm JIeoHap,n,OM 3iijiepoM, KOiyja 
BeccejiB ein,e h He po/nijica:. Boo6me sth (pyHKHHH bo3hhkjih h nocTe- 
neHHO BBOflHjiHCb b nepiiofl 1690-1770 rr. ^jih penieHHH /nicpcpepeHini- 
ajibHoro ypaBHCHHH, KOTopoe mm ceftnac Ha3MBaeM HMeHeM PiiKKaTH. 
y^acTBOBajiH b 3tom HjieHbi ceMbH BepHyjijiH, BeHeiniaHCKiiii rpacp JIjk- 
aKKono ©paH^ecKO PiiKKa™ h 3iijiep [164-166]. BMecTe c TeM BKjia,a, 
caivioro OpH^pHxa Beccejia b H3yneHHe na3BaHHbix ero HMeHeM yHK- 
hhh floCTaTOHHO BejiHK. HHTerpaji (33) Hanaji H3ynaTb 3njiep b 1769 
r. 3aT6M napceBajib nocHHTaji HHTerpaji npn v = b 1805 r., pjin n,e- 
jimx v (popMyjiy (33) nojiynnji njiaHa b 1821 r., nyaccoH Bbmeji ee .ztjih 
nojryuejibix v b 1823 r., ero MeTO/i, npHMeHHM h pj\%. H,ejibix v, ho oh 
3Toro He 3aMeTHji. fl^eaiee stot HHTerpaji BCTpenajica b pa6oTax KyMMe- 
pa, Jlo66aTO h ^loaMejia. OKOHnaTejibHO cpopMyny (33), KOTopyio mm 
npnnHCbiBaeM nyaccoHy, ycTaHOBHji b o6meM cjiynae JIoMMejib b 1868 
r., a Cohhh Bbmeji (popMyjiy (34) b 1880 r. OopMyjiy CoHHHa, b cy- 
Hi,ecTBOBaHHe KOTopoii Bee BepaT h CHHTaiOT npoo6p 3qm On (36) , h 
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(36) 



KOTopaa 6m BbipajKajia SKcnoHeHTy hjih TpiiroHOMeTpiiHecKiie cpyHKHHH 
nepe3 HHTerpaji no KoneuHOMy npoMeMcymny ot apyHKiniH Beccejia, a b 
jiHTepaType He Hainan. 

OnPEflEJTEHHE 3. Oil IlyaccoHa Ha3biBaeTca BbipajKeinie 

p vf = 777 ,\„ o / (* 2 -i 2 )'^ f(t)di,Re^ > -i. (35) 

Oil CoHHHa Ha3biBaeTca BbipajKeHne 

OnepaTopti (35)-(36) ,a,eHCTByiOT KaK Oil no cpopMynaM 

S„B„ = D 2 S„, P V D 2 = B V P V . (37) 

Hx mojkho floonpeflejiHTb Ha Bee SHa^CHHH v£C. 

Il/jeio H3yHeHHH onepaTopoB no,n,o6Hbix (35)-(36) BbiCKa3biBaji eme 
JlnyBHjijib, nx peajiBHoe Hcnojn>30BaHHe b kohtckctc TeopHH cpyHKinin 
Beccejia Hanaji HnKOjiaii 5Ikobji6bhh Cohhh [167]. KaK Oil sth one- 
paTopbi 6bijih BBefleHbi b pa6oTax ^ejibcapTa [122, 168-170] h 3aTeM 
H3yHeHbi b paGoTax ^ejibcapTa h JlnoHca [123-126, 17]. IIosTOMy mbi 
6y^eM Ha3biBaTb (35)-(36) Oil CoHHHa-IIyaccoHa-flejibcapTa (GWJX). 
B Hanieft CTpaHe 06 onepaTopax Cim b ochobhom y3Hajin H3 b&iihko- 
jienHO HanncaHHOii CTaTbH B. M. JleBHTana [171]. 

He 6ya,eT npeyBejinneHHeM CKaaaTb, hto onepaTopbi GWJ\ (35)-(36) 

HBJIHIOTCH CaMblMH 3HaMeHHTbIMH oSteKTaMH BCefi TGOpHH Oil, HX H3y- 

hghhio, npHjiojKCHHHM h o6o6meHHHM nocBameHbi cothh pa6oT. Ilepe- 
hhcjihm oneHb KpaTKO TOJibKO ocHOBHbie HanpaB jieHHH . 

flejibcapTOM Ha 6a3e Oil GWJ\ 6mjio BBe,a,eHO <pyH,n,aMeHTajn>Hoe no- 
HHTne o6o6meHHoro c^BHra. 

OnPEflEJTEHHE 4. OnepaTopoM o6o6meHHoro cflBHra (OOC) Ha3bi- 
BaeTCH pemeHne u(x,y) = T%f(x) 3a,n,aHH 

. . . . . d 2 2u+ 1 d . , . d 2 . . 
{B u ) y u{x,y) = (Qy2+ —^—d^ U(x ' y) = dx 2 " (x,y) ' (38) 

u(x,0) = f(x),u y (x,0) = 0. 
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Ha3Bainie oGtacHaeTCH tcm, hto b nacTHOM cjiynae v = — 1/2 OOC 
CBOflHTCH k noHTH o6biHHOMy cflBHry T%f(x) = \ (f(x + y) + f(x — yj). 
JXjih OOC (38) ^ejibcapTOM 6bijia nojiyneHa HBHaa cpopMyjia 

Tyf(x) = ^. + ^ ^ f(V^+y 2 -2xycos(t)) sin 2 - 1 dt. (39) 
VttI [v + 5 ) Jo 

Mojkho paccMaTpiiBaTB b onpeflejieHHH (38) h npoH3BOjibHbie napbi a h( P" 
(pepeHn,HajibHbix (hjih /iaxce jhoGmx) onepaTopoB. Hanpnivicp, npn Ta- 
kom onpeflejiemiii ^ = ^,u(x,0) = f(x) nojiynaeivr npHBbiHHbift cflBHr 
TVf(x) = f(x + y). Otmgthm, hto OOC (38)-(39) hbho Bbipa»caiOTCH 
nepes On CIiJ\ (35)-(36) [4-6, 22-29, 171]. 

Tenepb, Kor^a ecTb hobmh cflBHr, to mcokho o6o6maTb npejKHiic 
TeopHH, ocHOBaHHbie Ha o6biHHOM cflBiire. Tax bo3hhkjih Teopna 0606- 
meHHbix noHTH-nepHOflHnecKHx (pyHKiniH [169, 25-27, 18, 20, 126] (ot- 
m6thm, hto onpeflejieHne h ochobhbig CBoftcTBa noHTii-nepiiofliiHecKirx 
(pyHKD,Hii 6bijiH BnepBbie ppxaA npoepeccopoM K)pi>eBCKoro ( TapTyccKO- 
ro (/IepnTCKoro)) yHHBepcHTeTa IIhpcom BeoprHCBH^ieM BojieM 3aflOJiro 
,n,o r. Bopa, Bojib TaKJKe nojiynnji 3HaMGHiiTyio TonojiorHnecKyio Teope- 
My o Heno^,BHJKHbix TOHKax nenpepbiBHoro OTo6pajKeHHfl ccpepbi b ce6a 
pp Bpayspa; H3 SBaKynpoBaHHbix 3a BpeMH bohhm h peBOJi iohhh coTpyfl- 
hhkob K)pbeBCKoro yHHBGpciiTGTa Hanaji b 1918 r. co3,n;aBaTbca Bopo- 
HejKCKHii yHHBepcHTeT), pa3JiosKeHHH no o6o6m;eHHHM pjmaM Tsiijiopa, 
cnpaBefljiHBO Ha3BaHHbix pa^aMH Tsiijiopa-^ejibcapTa [168, 9, 24-26], 
o6o6iHeHHafl CBepTKa h ee npHjiojKCHHa [172-174]. 

OrpoMHyio pojib KOHCTpyKHHH On h OOC cbirpajiH b TeopHH ypaB- 
hchhh c nacTHMMH npoH3BOflHbiMH. On no3BOJiHK)T npeo6pa30BbiBaTb 
6ojiee cjiojKHbie ypaBHeHHH b 6ojiee npocTbie, OOC noMoraiOT b CHHiy- 
jiapHBix ypaBHCHHHx nepeHOCHTb oco6eHHOCTb H3 Hanajia b npoH3BOjib- 
Hyio TOHKy, a Taitsce c noMomLK) o6o6ineHHOH cbSptkh Haxo/iHTb cpyH- 
,n,aMeHTajibHbie penieHHH. 

OC060 OTMGTHM O^HH KJiaCC ypaBHGHHH C HaCTHblMH np0H3B0flHbI- 
MH C 0C06eHH0CTHMH, THnH^IHblM npeflCTaBHTejieM KOTOpOTO HBJIfleTCH 

B-sjijinnTHHecKoe ypaBHeHne c onepaTopaMH Beccejia no Kax^oii nepe- 

MeHHOH BHfla 

n 

^B v , Xk u{x U ---,x n ) = f, (40) 
fc=i 
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airajiorHHHO paccMaTpHBaiOTca _B-rHnep6ojiHHecKHe h B— 
napa6ojiHHecKHe ypaBHCHHH. IfeyneHHe SToro Kjiacca ypaBHeHHii 
6hjio HanaTO b pa6oTax 9iijiepa, IlyaccoHa, ^ap6y, npo^ojisteHO b 
TeopHH o6o6m;eHHoro ocecHMMeTpHHecKoro noTeHiniajia A. BaiiHiHTCHHa 
h b Tpyn,ax OTenecTBeHHtix MaTeMaTHKOB H. E. EropoBa, 51. II. JKhto- 
MnpcKoro, JI. JX. Kya,pHBn,eBa, II. 11. JlH3opionia, M. Ii. MaTiiftnyKa, 
JI. E MnxaiijiOBa, M. H. OjieBCKoro, M. M. CivinpHOBa, C. A. TepceHOBa, 
Xe KaH Hepa, A. H. 5lHyinaycKaca h flpyrnx. 

HanGojiee nojmo Becb Kpyr BonpocoB p/in ypaBHeHHii c onepaTopaMH 
Beccejia 6biji H3yneH bopohokckhm MaTeivraTHKOM HBaHOM AjieKcaH,u;po- 
BHneM KHnpnaHOBbiM h ero yneHHKaMH JI. A. HBaHOBBiM, A. B. Pbijk- 
KOBbiM, B. B. KaTpaxoBHM, B. II. ApxHnoBbiM, A. H. Baii/jaKOBHiM, 

B. M. BoraneBbiM, A. JI. Bpo,n,CKHM, T. A. BHHorpa,u;oBOH, B. A. 3aiiHC- 
bhm, K). B. 3acopHHHM, T. M. KaraHOM, A. A. KaTpaxoBofl, H. II. Kh- 

npHHHOBOH , B. II. KOHOHeHKO, M. II. KjHOHaHHeBBIM, A. A. KyjIHKOBbIM, 

A. A. JIapHHbiM, M. A. JIeii3HHbiM, JI. H. JIhxobmm, A. B. MypaBHHKOM, 
II. n. nojiOBHHKHHbiM, A. K). Ca30HOBHM, C. M. Chthhkom, B. II. niaii,- 
khm, B. 51. 5IpocjiaBHe boh; ochobhbic pe3yjibTaTbi SToro HanpaBjieHHH 
npe^CTaBjieHbi b [30]. J\jik onncaHHH KjiaccoB peineHHii cooTBeTCTByio- 
ihhx ypaBHeHHii II. A. KHnpHHHOBbiM 6bijiH weppmA h H3yHeHbi (pyHK- 
HHOHajibHbie npocTpaHCTBa [175], no3flHee Ha3BaHHbie ero HMeHeivi (cm. 
MOHorpacpHH X. TpnGejia, JI. J\. KyupsiBHeBa h C. M. HnKOjitCKoro 
[176-177], b KOToptix npocTpaHCTBaM KnnpHHHOBa nocBHineHBi OT,n,ejn>- 
Hbie naparpacpti) . 

B 3tom HanpaBjieHHH pa6oTaji B. B. KaTpaxoB (Bajiepnii Banecjia- 
bobhh KaTpaxoB CKOHnajica b 2010 ro/ry, BeHHaa eMy naMaTb). Ceiriac 
ypaBHeHHH c onepaTopoM Beccejia h CBjraaHHBie c hhmh Bonpocbi H3yna- 
iot A. B. TjiyniaK, B. C. TyjineB, JI. H. JIhxob co cbohmh KOJijieraMH h 
y neHHKaMH . 3aflanH fljia onepaTopHbix ypaBHeHHii BH^a (40), 6epymiie 
Hanajio b h3bccthoh MOHorpacpHH [11], paccMaTpHBajin A. B. TjiyniaK, 

C. B. LUMyjieBHH, B. J\. PenHHKOB h /rpyrne. 

3,n,ecb cjie^yeT otmcthtb, hto nepBoii (pyHflaMeHTajitHoii pa6oToii, 
c KOTopoii HanajiCH otchSt H3yHeHHH BbipojK/i,aioin,Hxca h CHHryjiapHbix 
flHcpcpepcHHHajibHbix ypaBHCHHH b nacTHbix npoH3BO^Hbix c nepeMen- 

HblMH K03(p<pHHIieHTaMH, HBJIHeTCH CTaTbH M. B. KejiflbiHia [178] (3a- 

flana E). 06m,aa Teopna BbipojKflaioiHiixcH ypaBHeHHii sjijinnTHHecKO- 
ro THna BnocjieflCTBHH pa3pa6aTbiBajiacb T. cpHKepoii, O. A. OjieiiHHK, 
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E. A. Pa/pceBHHeM, B. H. BparoBbiM, B. n. IjiyniKO n mhofhmh ppyrm.m. 

HHTepecHbie pe3ynbTaTbi no H3yHGHHio On Cn/I, 6bijni nojiynenbi 
B. B. KaTpaxoBMM, ohh TaK»ce H3jiojKeHbi b cnennajibHO nepepa6oTaH- 
hom P. KappojiOM BHfle b OT,n,ejibHOH rjiaBe b [30] . PaccMaTpnBajincb TaK- 
»ce Oil ^jih MHoroHHCjienHbix o6o6m,eHHH onepaTopa Beccejia [179-190]. 
BMecTe c TeM 6bijih nocTpoenbi aHajiornnHbie Teopiiii h pjisi HeKOTopbix 
Apyrnx MOflejibHbix onepaTopoB, HanpHMep TaKiix [4-6, 189-190]: 

A = -L-^- v ( x )4-Mx) = sm 2 » +1 x, sh 2,y+1 x, (41) 
v(x) ax ax 

(e x - e- x f v+1 (e x + e - *) 2 "* 1 . 



BajKHOCTb onepaTopoB A BH,n,a (41) pjin TGopnii saKjuonaeTCfl b tom, 
hto no 3HaM6HHTon cpopMyne TejibepaHfla ohh npeflCTaBjiaiOT pa/niajib- 
Hyio ^acTb onepaTopa Jlanjiaca Ha CHMMeTpnnecKnx npocTpaHCTBax 
[191]. BipH 3tom onepaTop Beccejia nojiynaeTCH npn Bbi6ope b (41) 
v(x) — x 2v+1 . Tlop?.oj\ nepe3 On no3BOjiaeT c e^nHbix no3nnnn H3ynaTb 
MHorne CBOiicTBa cnennajibHbix cpyHKiniii, nepe3 KOTopbie BbipajKaiOTCH 
co6cTBeHHbie cpyHKinin (41), stot noflxofl nocjie^OBaTejibHO npoBO,n,HTCH 
b [4-6]. 

^pyrHM MOflejibHMM onepaTopoM, pjisi KOToporo nocTpoeHbi On, hb- 
jiaeTca: onepaTop 3npn D 2 + x, cm. [387]. PaccMaTpnBajica TaK»ce ero 
B03Mym;eHHbiH BapiiaHT, CBJoaHHbifi c scpcpeKTOM UlTapxa H3 KBaHTOBOii 

MexaHHKH. 

BajKHbiM o6o6m,eHneM onepaTopoB CoHiiHa-nyaccoHa-^ejibcapTa 
hbjihiotch On fljia rnnep6eccejieBbix cpyHKiniii, KOTopbie 6bijra no,u;po6- 
ho H3yHeHbi b pa6oTax HBaHa ^hmobckh h ero yneHHKOB. CooTBeTCTBy- 
lonnie On 3acjiyjKeHHO nojiynnjin b jinTepaType Ha3BaHHH Oil CoHHHa- 
,Hhmobckh h riyaccoHa-^HMOBCKH, ohh TaKsce H3ynajiHCb b pa6oTax 
yHGHHn,bi HBaHa ^hmobckh — Bhpjkhhhh Khpskoboh. 

,HpyroH BajKHbift Kjiacc o6o6meHHH onepaTopoB CUfl, bo3hhk npn 
H3yHGHHH onepaTopoB ,HyHKjia (a GjiaroflapeH npoepeccopy B.II. JleK- 

CHHy, KOTOpblfi HayHHJI MeHH npaBHJIbHO npOH3HOCHTb (paMHJIHK) 3TO- 

ro aBCTpHHCKoro MaTeMaTHKa) . OnepaTopbi /B/HKjia BKjnonaiOTCH b 06- 
myio cxeMy Oil KaK cneniiajibHbiH cjiynaii, Koiyja o^hh h3 cnjieTae- 
mhx onepaTopoB HBjiaeTCH flH<pcpepeHiniajibHO-pa3HOCTHbiM, a BTopoft 
no-npejKHeiviy /nKpcpepeHiniajibHbiM. rtocTpoeHHio Oil Tnna Comma h 
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IlyaccoHa pjin onepaTopoB flyHKjia b nocjieflHee BpeMH nocBHineHO mho- 
ro pa6oT, cm. []. 

Otmgthm, hto HeKOTopbiii cnoco6 nocTpoeHiia Oil co CBOiicTBa- 
mh (75) Ha peinenHax cooTBeTCTByiomHx ypaBHeHiift pjisi nacTHoro 
cjiynaa nejibix v ynoMiraaeTCH b jiHTepaType nofl Ha3BaHiieM MeTOfla 
KpaMa-Kpeitaa [21-23], ho oh npHBO^HT k ajihhhoh nocjieflOBaTejibHO- 
cth ycnojKHHioiHHxcfl noflCTaHOBOK, a pe3yjibTHpymiii;HH Oil He mojkct 
6biTb BbinncaH b hbhom Bifle. Ha caMOM ,n,ejie, h noflCTanoBKH KpaMa- 
Kpeima MoryT Gbitb BKjiio^ieHbi b o6myio cxeMy Oil. Ohh B03HHKaiOT, 
Kor^a cnjieTaeMbie onepaTopbi ocTaiOTCH flH<p(pepeHHHajibHbiMH, a Oil 
^jih SToii napbi nmeTCH yste He b HHTerpajibHOM, a b flHipcpepeHHiia 
jibHOM npe/],CTaBjieHHH. B Han6ojiee o6meM BH^e 3Ta Teopna H3BecTHa 
KaK MeTO/i, npeo6pa30BaHHii ,3,ap6y [MaTBeeB], k kotopbim h othochtch 
b nacTHOM cjiynae noflCTaHOBKH KpaMa-KpeiiHa. K trkhm /pHpcpepeH- 
H,HajiBHBiM Oil cpopMajiBHO MoryT 6bitb OTHeceHbi h MHorne H3BecTHbie 
3aMeHbi nepeMeHHbix rana npeo6pa30BaHHH Mnypbi, KOTopbie cnjieTaiOT 
HejiHHeiiHbiH h jiHHefiHbiH onepaTopbi, peniaa 3a,a,aHy jiHHeapH3an,HH. 
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6. Cbh3l> onepaTopoB npeo6pa30BaHHH c /i,po6HbiM 
HHTerpo^HCpcpepeHLi,HpoBaHHeM. 

OnepaTopti ,irpo6Horo HHTerpo/n^ipcpepeHinipoBaHHH nrpaiOT Ba»c- 
Hyio pojib bo MHoriix coBpeMeHHbix pas^ejiax MaTeMaTiiKii: ypaBHeHnax 
c nacTHbiMH npoH3BO,u;HbiMH, (pyHKn,HOHajibHOM aHajiH3e h Teopiiii <pyHK- 
uhh, cneirnajiBHBix (pyHKniiax, MHOroHHCjieHHBix npnjio>KeHHHX. Hhc- 
jio KHiir no flpoGHOMy HcnncjieHnio Bee BpeMH B03pacTaeT, nponecc hx 
yBejiHneHHH HeflaBHO /iasce 6biji H3o6pa»ceH rpacpnuecKH Ha KpaciiBOM 
u,BeTHOM njiaxaTe, ony6jiHKOBaHHOM b cneiniajiH3HpoBaHHOM »cypHajic 
Fractional Calculus and Applied Analysis; stot MejKflyHapoflHbin JKyp- 
Haji H3flaeTCH BojirapcKofi AH, ero rjiaBHBiM pe,naKTopoM sbjihctch Bnp- 
khhhs KupHKOBa. B BH,n;y BbiniecKa3aHHoro mbi orpaHiraiiMCH H3 Bceii 
jiHTepaTypti jihuib ynoMimaHiieM aHnnKjione/piHecKoii MOHorpacpnn [34] 
( ee b Pocchh HHor/ia Ha3BiBaiOT KpacHoft KHnroii no nBeTy o6jiojKKn), 
/piccepTairnn [353], KOTopyio mojkho paccMaTpiiBaTB KaK co peivreHHoe 
npoflOjiJKeHne [34], a TamKe h3bccthbix KHiir [192-196, 355]. 

JIjik Teopnn cneirnajiBHBix cpyHKnnii BajKHOCTB /rpoGHoro HHTerpo- 
,n,H(p(pepcHrj;HpoBaHHH OTpajKeHa b Ha3BannH h3bccthoh CTaTBH Bnp- 
jkhhhh KnpaKOBOit [197]: " Bee cnev i uaji'bH'bie (fiyHKi^uu nojiyna- 
mmcsi dpoSubiM unmezpoduipipepeHnupoeaHueM 9JieM,enmap- 
Hbix (pyHKV^au " ! (KpoMe H — (pyHKnnn OoKca — 3aMeHamie npodpec- 
copa A. A. Knji6aca (AnaTOjinfi AjieKcaHflpoBHH Knji6ac norn6 b 2010 
ro^y, BeuHaa eMy naMSTb)). 

IIpHBefleM cnncoK ochobhbix onepaTopoB ,u;po6Horo HHTerpo^,n<pcpe- 
peHn,npoBaHHa: PHMaHa-JlnyBHjijiH, 3p/i,eHH-Ko6epa, /rpo6Horo hhtc- 
rpajia no npon3BOjiBHOH (pyHKinin g(x) 




(42) 




(43) 
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= f^£ (9(x) git))"- 1 g'(t)f(t)dt, (44) 

IZ >° f = W)i x {g[t) 9{x)) 9 ' {t)f(t)dt > 

bo Bcex cjiynaax npeflnojiaraeTCH, hto Re a > 0, Ha ocTaBiniiecH 3Hane- 
hiih a cpopiviyjibi TaKJKe 6e3 Tpyn,a npoflOjracaiOTCfl [34] . Ilpn stom o6bi x i- 
Hbie /i,po6Hbie HHTerpajibi nojiynaiOTCH npn BbiGope b (44) g{x) = x, 
3p,u;eHH-Ko6epa npH g(x) = x 2 , A,a,aMapa npii g(x) — lnx. 

CBH3b C Oil npOHBJIHeTCH B TOM, hto, KaK bh^ho H3 (35)— (36), Oil 

Cnn, c tohhoctbk) flo MHOJKHTejieft KaK pa3 h hbjihiotch onepaTopa- 
mh 3pfleiiH-Ko6epa, to ecTb apoGhbimh CTeneHHMH {-^z)~ a - TaK »ce 
KaK On /yra nepenHCjieHHbix b (41) MOflejibHbix onepaTopoB hbjihiotch 
,Hpo6HbiMH CTeneHHMii (^) _Q npn g(x) = sinx, sh.T. nosTOMy ocHOBHbie 
CBOiicTBa 9thx On mojkho nojiy^HTb H3 Teopiiii onepaTopoB ,n,po6Horo 
HHTerpo,ii;H(p(pepeHD;HpoBaHHH, a He H3o6peTaTb 3aHOBO, hto Hepe^KO h 
flejiajiocb. 

OnepaTopbi ,n,po6Horo HHTerpnpoBaHHs b KOMnjieKCHOii njiocKOCTH, 

K KOTOpbIM CBOflHTCH nOHHTHe flpo6HOTO HHT6rpHpOBaHHH nO HpOH3- 

BOJibHoii cpyHKL^HH (44), 6mjih BBefleHbi b pa6oTax M.M. ^jKpGaniHHa. 
Ha 3to yKa3aji mhb ApMeH ,I(jKp6aHiaH — cmh MxHTapa Mkpthhcbh- 
na /],>Kp6aiHHHa. CooTBeTCTByioiirHe onepaTopbi, onpeflejiaeMbie b BH,u;e 
pa^,a, nepBOHanajibHO Ha3biBajincb onepaTopaMH TejibcpOHfla-JIeoHTbeBa 
(no npefljiojKeHHio B.<3>. Kopo6eiiHHKa, KOTopbiii 6hji peneH3eHTOM opn- 
rHHajibHoft CTaTbH — jiHHHoe coo6meHHe), a cefinac name Ha3biBaiOT- 
ch onepaTopaMH ,n I po6Horo HHTerpo/nicpcpepeHHHpoBaHHH ftps. pSaniHHa- 
TejibcpOHfla-JIeoHTbeBa [353] . 

HaH6ojiee ninpoKne o6o6meHHH onepaTopoB ,n;po6Horo HHTerpo/niep- 
(pepeHH,HpoBaHHa 6bijiH npefljiojKeHbi Bnp>KHHHeH Khphkoboh [353] b 
BH^e 

x~ a £ e^K (f) f{t) dt , x~ a £° e^K (f) f{t) dt, 

rpp K ( j) — no/rxoflHmee flflpo, f(t) — floCTaTOHHO npoH3BOjibHaa 
(pyHKiniH. Taxne oG^eKTbi caMH no ce6e He hbjihiotch hobbimh, sto or- 
Ha H3 (popM 3anncH HHTerpajibHoro onepaTopa c o/nropo/nibiM uppoM 
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CTeneHH Mimyc ejjHHHna 

j™ K(x,t)f(t)dt ,K(Xx,Xy) = jK(x,y), 

HJIH CBgpTKH MejIJIHHa 

f 

npH ,n;onojiHHTejibHOM ycjiOBHH, hto H,ii;po HHTerpajibHoro onepaTopa hjih 
CBepTKH o6pam,aeTCH b hojib npn t < x hjih npn t > x. JXjisi stoh <pop- 
mw o6o6m,eHHoro HHTerpojTiicpcpepeHHHpoBaHHH b [353] nocTpoena pf>- 
CTaTO^HO nojiHaa Teopna. 

Tenepb BcnoMHHM cbsbb Oil c KOMMyTirpoBainieM (30)-(31). IIo- 
jiynaeM, hto flOMHOJKeHne c HyjKHon eropoHbi Ha pa3jiHHHbie cpop- 
mw jrpo6Hbix HHTerpajiOB npnBO/niT k hobbim Oil. fljw Oil Beicya- 
BpfleiiH-JIayHfleca 3Ta Hjj,eH Hcnojib30BaHa b [99-101] pjisi nocTpoeHHH 

HOBblX npeo6pa30BaHHH C pa3JIHnHbIMH 3K30THHeCKHMH H^,paMH, /yiH 

Oil CII/I, cm. HiiJKe. HoBaa B03MO>KHOCTb — 3to Hcnojib30BaHHe onepa- 
TopoB jrpo6Horo HHTerpoflncpcpepeHnnpoBaHnH, KOMMyTHpyiomnx c one- 
paTopoM Beccejia. 3Toro Tpe6yeTCH, HanpnMep, hbhog onncaHne 

,u;po6Hbix CTeneHeii onepaTopa Beccejia. H oho ecTb, xoTb 06 stom Ma o 
kto 3Haer! 

B stom nyHKTe nocTpoeHbi b hbhom HHTerpajibHOM BHjre ,npo6Hbie 
CTeneHH jxHepcpepeHiniajibHoro onepaTopa Beccejia, 3a,u,aHHoro Ha noflxo- 
,ii;hihhx rjia^KHx cpyHKnnHx, KOTopbiii mh jijih yflo6cTBa nepeonpeflejiHM 
b BH,n,e: 

B v = D 2 + -D, Rev^ti. 

x 

Be3ycjiOBHO, no aHajiornn c o6biHHbiMH npoH3BO,u;HbiMH, mojkho onpe- 
flejiHTb TaKne jrpo6Hbie CTeneHH na nojiyocn npn noMOinH ecTecTBeHHO- 
ro CBOiicTBa, hto ohh jreifcTByiOT KaK yMHOJKeHne Ha CTeneHb b o6pa- 
3ax npeo6pa30BaHHa XaHKejia. TaKoii no/rxo/]; onpaBflaH 3a HenMeHneM 
jiynniero n no3BOjiaeT nojiyHHTb psm HHTepecHbix pe3yjibTaT0B, xoth 
Ha stom nyTH HeB03MOJKHO, no-BH^HMOMy, nojiyHHTb HBHbie npeflCTaB- 
jichhh ,u;po6Hbix CTeneneii. Ho npe^CTaBHM Ha MHHyTy, hto mm yMeeM 
onpeflejiHTb o6binHbie onepaTopbi jxpoGnoro HHTerpHpoBaHHH PnMaHa- 
JlnyBHjijia tojibko nepe3 nx fleficTBne b o6pa3ax npeo6pa30BaHHH Jla- 
njiaca hjih MejijiHHa, a HHTerpajibHbie cpopMyjibi jijih sthx onepaTopoB 
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h£lm Heii3BecTHt>i. Tor,n,a cpa3y CTaHOBHTca hchbim, hto no/i,o6Haa Teopna 
6ya,eT floCTaTOHHO 6ejTnon n jihuihtch 6ojn>iniiHCTBa cbohx Haii6ojiee no- 
jie3Hbix h KpacHBbix pe3yjibTaTOB. IIpHMepHO b TaKOM coctohhhh ceiraac 
Haxo,a,HTca TeopHH ,n;po6Hbix CTeneHeii onepaTopa Beccejia, nosTOMy hx 
nocTpoeHHe b sbhom HHTerpajitHOM Bnpfi aBjiaeTca aKTyajitHoft n hhtc- 
pecHoft 3aflaHeii. 

HecMOTpa Ha to, hto onepaTopbi ;xpo6Horo HHTerpo^HcpcpepeHHH- 
poBaHHH Beccejia aBjiaiOTca noxa MeHee H3BecTHbiMH no cpaBHeHHio c 
nepenHCjieHHbiMH Bbiine, ysce co3flaHBi ochobbi hx TeopHH. QopMajiBHBie 
onpeflejieHHa flaHBi b [198-201]. 

OnPEflEJTEHHE 5. IlycTb f{x) G C 2k (0,b]. Onpe^ejinM npaBoero- 
poHHHft onepaTop ,n;po6Horo HHTerpnpoBaHna Beccejia npn ycjiOBHH 
fW(b) = 0, i < 2k - 1, k € N no cpopMyjie 

■f(y)dy. 

Onpe/i,ejiHM jieBOCTopoHHHfi onepaTop jrpoGHoro HHTerpnpoB anna 
Beccejia npn ycjiOBHH 

= 0,0 < i < 2fc - l,fc e AT no (pop M y- 

jie 

^/v - ,■><-» (§)V.* (Kf + £)) - <«> 

■/(?/) 

r fl e 2-Fi - rnnepreoMeTpnnecKaa cpyHKinia Taycca, Py(z) - cpyHKinia Jle- 
jKaHflpa. 

BBefleHHBie onepaTopbi n aBjiaiOTca HHTerpajiBHBiMH peajni3annaMn 
OTpHnaTejibHbix nejitix CTeneHeii onepaTopa Beccejia [B v ) . Hx pac- 
npocTpaHeHne Ha npon3BOjiBHBie KOMnjieKCHBie 3HaneHHa napaivieTpa k 
npoBOflHTca aHajiornHHO KjiaccnnecKOMy cjrynaio. Ilpn v = onepaTop 
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Beccejia CBOjrnTca ko BTopoii npoH3BO,zi,HOH, a BBe,n,eHHbie onepaTopbi — 
k flpo6HbiM HHTerpajiaM PHMaHa-JInyBHjuia 

B b- J - h-Ji B a+.T - I a+J- 

OnpeflejieHHbie Bbiine flpo6Hbie CTeneHii onepaTopa Beccejia (45-46) 
b hbhom BHjj,e KaK o/i,Ha H3 pa3HOBHflHOCTeii onepaTopoB jxpo6Horo iihtc- 
rpo/i,H(p(pepeHE,HpoBaHHH 6bijin onpeflejieHbi aBTopoM b [198-201]. HpH 
3tom b KanecTBe HaBOflamnx coo6pajKeHHii 6bijiH cymecTBeHHO ncnaiib- 
30BaHbi pe3yjibTaTbi pa6oTbi [204] , b KOTopoii paccMaTpnBajiocb peineHHe 

B HBHOM BH/I,e o6bIKHOBGHHBIX JTHCpCpepeHnnajIbHblX ypaBHCHHH C Hejlbl- 

mh CTeneHHMH onepaTopoB Beccejia. Ilpn stom aBTopoM 6bijio 3aMeneHO, 
hto BbipajKeHne rHnepreoMeTpnnecKnx cpynKunn Taycca b cpopMynax 
(45-46) nepe3 cpyHKiniH JlejKaHflpa cymecTBeHHO ynpomaeT Bbinncjie- 

HHH. 

IlpH nOMOIHH flOCTaTOHHO npOCTBIX BBIKJiaflOK, OCHOBaHHblX Ha TOJK- 

,n,ecTBax /yia cpyHKiniii JlejKaHjipa, nojiynaerca nepBOHanajibHbiH Ha6op 
npocTeimnix cbohctb onepaTopoB (45-46). K hhm othochtch nojiyrpyn- 
noBoe cbohctbo no napaivieTpy k, jxeiicTBHe KaK yMHOJKeHne na coot- 
BeTCTByiomyio CTeneHb b o6pa3ax npeo6pa30BaHHa XaHKejia (npn 6ojiee 
orpaHHHHTejibHbix ycjiOBnax Ha napaMeTpbi) h npeo6pa30BaHHa Meiiepa 
(npn MeHee orpaHnnnTejibHbix ycjiOBnax Ha napaMeTpbi) . 

MHoroHHCjieHHbie npnjiojKeHna onepaTopoB jrpoGHoro HHTerpojTncp- 
cpepeHinipoBaHHH PHMaHa-JInyBHjuia ocHOBaHbi Ha hx BxojKfleHnn b 
ocTaTOHHbiii HjieH cpopMyjibi Tsfijiopa. HosTOMy nocjie onpeflejieHHa 
jrpo6Hbix CTeneHeii onepaTopa Beccejia cpa3y B03HHKaeT 3aflana o no- 
CTpoeHHH o6o6m;eHHOH cpopMyjibi Tsftjiopa, b KOTopoii cpyHKHiia pac- 
KjiaflbiBaeTCH no CTeneHaM onepaTopa Beccejia. 3Ta 3aflana B03HHKjia 
jjpcTaTOHHO flaBHO h HMeeT HeKOTopyio hctophio. 

BnepBbie cpopMyjibi pa3jiojKeHHH no CTeneHSM onepaTopa Beccejia 
6bijin nojiyneHbi JKaHOM ^ejibcapTOM (paiibi Tsftjiopa-flejibcapTa) . 06- 
ihhh cnocoG nx nocTpoeHHH h3jiojkch b [9] b TepMHHax onepaTopHO- 
aHajiHTHHecKHx cpynKinin. Ho paflbi Taiijiopa-flejibcapTa no3BOjiaiOT 
pa3jiojKHTb no CTeneHHM onepaTopa Beccejia He o6biHHbiH, a o6o6ihch- 
Hbifl: c,u;BHr. Ilo cymecTBy Taxne pa3jio:aceHHa aBjiaiOTca onepaTopHbiMn 
BapnaHTaMH pajj,OB fljia (pyHKnnn Beccejia, Tax »ce KaK o6biHHbie pa- 
jj,bi Taftjiopa hbjihiotch onepaTopHbiMn BepcnaMH pa3jiojKeHna b pajj, 
SKcnoHeHTbi. Pa3yMeeTca, pa,n;bi Tsfljiopa-^ejibcapTa HMeiOT cbo io 06- 
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jiacTb npHjiojKCHHH. Ho fljia: HHCjieHHoro penieHHH ^ncpapepeHnnajibHbix 
ypaBHeHHH b nacTHbix npoH3BO,ii;Hbix HyjKHbi o6o6meHHbie cpopMyjibi h 
pa^bi Tsftjiopa HecKOJiBKO flpyroii npnpo^M. IIpH nepecneTe penieHHH 
co cjioh Ha cjioh, nanpHMep, MeTOflOM ceTOK cpopMyjibi pjisi o6o6ineH- 
Horo CflBHra coBepnieHHO 6ecnojre3Hbi, a Hysaibi hmchho cpopMyjibi jijih 
o6biHHoro c/i,BHra, BbipajKaioiinie penieHHe Ha onepe/niOM paccnnTbiBae- 
mom cjioe Hepe3 ero 3HaneHHH Ha npeflbi^inirx cjiohx. OKa3ajiocb, hto 
CTpoHTb TaKne cpopMyjibi ,zi,jih oGbiHHoro CflBHra HaMHoro Tpyzniee, neM 
jj,jih o6o6meHHoro, Tax KaK ohh ysce ne hbjihiotch ephmhmh aHajioraMH 

H3BeCTHbIX TOJKfleCTB flJIH cneiniajibHbix CpyHKHIffl. 

BnepBbie c yKa3aHHOii MOTHBainieft jijih npHMeneHHH k nncjieHHOMy 
peineHHio ypaBHeHHii c onepaTopoM Beccejia MeTOflOM KOHenHbix sjie- 
MeHTOB (popMyjia Tsiijiopa HyjKHoro rana 6bijia paccMOTpeHa b pa6oTe 
B.B. KaTpaxoBa [203]. Ho nojiyneHHbin TaM pe3yjibTaT mojkct paccMaT- 
pHBaTbca: TOjibKO KaK nepBoe npnGjinaceHHe /i,jih acejiaeMbix (popMyji b 
hbhom BHfle, Tax KaK KOScpcpninieHTbi BbipajKajiHCb Heonpe/i,ejieHHbiMH 
nocTOHHHbiMH, 3a,u;aBaeMbiMH chctcmoh peKyppeHTHbix cooTHOineHHii, a 
H^,po ocTaTOHHoro HjieHa npe,n,CTaBjiHjiocb HCKOTopbiM MHoroKpaTHbiM 
HHTerpajiOM. 3to He cjiynaimo, yra^aTb oflHOBpeMe ho hbhbih bh,h a^,ep 

H OCTaTOHHblX HJieHOB HeB03M0JKHO, nOKa He H3BeCTHbI KOHKpeTHbie Bbl- 

pajKCHHH fljia ocTaTKa b BH,u;e ,n;po6Hbix CTeneHeii onepaTopa Beccejia. 

Mbi naxoflHMCH b ,n,pyroii CHTyainiH, KOiyja HyjKHbie BbipajKenna jijih 
,n,po6Hbix CTeneHeii H3BecTHbi b hbhom BH^e (45-46), noaTOMy nepeiifleM 
k onncaHHio nojiHoro penieHHe 3a,n,aHH o hbhom nocTpoeHHH o6o6meH- 
hoh cpopMyjibi Tsiijiopa jijih pa3jiojKeHHH o6biHHoro cjiBHra b pnji, no 
CTeneHHM onepaTopa BeccejiH. nojj,o6Haa cpopMyna b npocTeiiineM cjiy- 
nae 6bijia aHOHcnpoBaHa paHee b [198-201]. 



Teopeivra 7. CupaBepjmBa (popMyjia TaMjiopa pa3jioxeHHa npoH3- 
BOJibHoit ppct&tohho rjiaflKoit qbyHKijHH no CTeneHXM flH(pcpepeHn,iiajib- 
Horo onepampa Beccejix npii x — b c ocTaTOHHbiM HjienoM b mnerpam,- 
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non (popMe 

k 

E] 1(2/ 2b J ■) 

i=l { 

T 2 1 /?) 2 -T 2 \2i-l ;/ — 1 t 2 

r-^r-M ( ) 2 F,( i + —, (47, 



, - , 1 /6 2 - X 2 \2i-2 j, _ 1 



r(2i) V 26 
■(DB i - 1 f)\ b )+B^(B k f), 



r^e B^'_ ecTb onepamp jieBOcropoHHero ppo6noro nwieTpnpoBannn Bec- 
cena (45), 2-F1 — rmnepreoMerpH^iecKaa cpynKunsi Taycca. 

TaKJKe cnpaBefljiHBa flBOHCTBeimafl (popMyjia , Hcnojib3yiomaa cpop- 
MajibHO conpajKeHHbifl: onepaTop 

C„f = D 2 f-D(-f) = D*--Df+^ 

y y y 

TeopeMa 8. CnpaBepjmBa (popMyjia TaMjiopa pa3jioxenna npoH3- 
BOjibHoit floCTamnno rjia^Koit (pyHKijHH no CTenensiM flncptpepeHn.Hajib- 
Horo onepampa C v npn x — a c o c Ta to nnbiM njienoM b nnTerpajibnon 
<popue 

,/ x I 1 fx 2 - a 2 \ 2 *- 2 ,a, 

/W = E(rpj3T)(— ) y + — , 

'-5K^V)U + i4(^) 2M - (48) 



r(2i) V 2x 

, ■ U""" 

2 a; 



• 2F 1 (i + %■ 2i- 1 - ^) a" (Dx-'Cl- 1 f)\ a + B v a *{C k J), 



v-l „. . a 2 

+ 



rflfi B a ' + ecTb onepamp npasocmponnero ppo6noro nwrerpnpoBannfi 
Beccejix (46), 2-F1 — rnnepreoMeTpnnecnasi cpynKn^nsi Taycca. 

THnepreoMeTpH^iecKHe cpyHKniin b (popiviyjiax Tsimopa MoryT 6biTb 
BbipajKCHbi nepe3 cpyHKiniii JlejKaHflpa aHajioriiHHO onpe^ejieHiisM. H3 
cpopMyji (47)-(48) cpa3y cjie/iyiOT MO/jHcpiiKainiii onepaTopoB ,h;po6ho- 
ro HHTerpo/i,H(p(pepeHn,HpoBaHHa Beccejia no TepacHMOBy-KanyTO. Jljisi 
SToro HyjKHO b onpeflejieHHax (45-46) BtinecTB H3 cpyHKiniii HaHajibHbiii 
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OTpe30K hx pa3jiojKeHHH no cooTBeTCTByiomeH o6o6iHeHHon cpopivryjie 
Tsfljiopa. 

Abtopom H3yHeHbi h /rpyrne ocHOBHbie CBOiicTBa onepaTopoB ,ii;po6- 
Horo HHTerpoflH(p(pepeHii,HpoBaHHa Beccejia Bnna (45-46): flencTBne b 
CTaHflapTHbix (pyHKn,HOHajn>Hbix npocTpaHCTBax, HHTerpajibHbie ypaB- 
HCHHa b oco6bix cjiynaax a = hjih b = oo Ha nojiyocn, MOflncpHKaniin 
onepaTopoB no Mapino n KanyTO, cpa3y BbiTeicaioinHe us (popMyji Tsfi- 
jiopa (47)— (48), cbh3i> c npeo6pa30BannaMn cPypbe-Beccejin, ilanjiaca, 
MejijiHHa h Meiiepa, fleftcTBne Ha pacnpe^ejieHHax b Kjiaccax Tnna JIh- 
3opKHHa, cbh3i> c o6o6m,eHHbiM npeo6pa30BaHneM CTHjibTteca, BecoBbie 

H pa3HOCTOpOHHHe CpOpMyjIbI KOMn03HHHH, BBipajKGHHH JieBOCTOpOHHHX 

onepaTopoB nepe3 npaBOCTopoHHHe h Hao6opoT c noMOinbio cnHryjiap- 
hmx HHTerpajiOB, a TaiQKe npnjiojKeHHH b TeopHH onepaTopoB npeo6pa- 

30BaHHH. 

Cjie^yeT otmcthtb, hto BBefleHHbie onepaTopbi ,zrpo6Horo hhtc- 
rpo/i,H(p(pepeHn,HpoBaHHa: Beccejia poflCTBemibi HeKOTopbiM H3BecTHbiM 
KjiaccaM HHTerpajibHbix npeo6pa30BaHnn. K hhm othochtch onepaTopbi 
JlaBa, no^,po6HO H3yneHHbie O. A. PennntiM onepaTopbi Cafiro [205], rn- 
nep6eccejieBbi onepaTopbi H. ^hmobckh, onepaTopbi ByniMana-Sp^eiiH 
(o hhx cm. ,zi,ajiee). KpoMe toto, BBeneHHbie onepaTopbi (47)— (48) mojkho 
BKjnoHHTb b o6inyio KanBy HHTerpajibHbix onepaTopoB c G-cpyHKHiiHMH 
Meiiepa, cpyHKiniHMH PaiiTa h iJ-cpyHKininMn cPoKca b H/rpax. 

3anany o Bbmone (popMyji Tsiijiopa (47)-(48) no npefljiojKeHHOMy 
njiaHy c Hcnojib30BaHHeM HHTerpnpoBaHHH no nacTHM h nocTaBnji b 
1994 r. fljia: KypcoBoii pa6oTbi o,h;hoh CTyz^eHTKe TpeTbero Kypca JX&jib- 
HeBOCTOHHoro nojiHTexHHnecKoro HHCTHTyTa, b kotopom Toryja npeno- 
naBaji bo Bjia/piBOCTOKe (npn stom flBafluaTb coTpynpHKOB flByx aKa,n,e- 
MHnecKHx HHCTHTyTOB yHHjra b TeneHne Bcex nara jieT OflHy rpynny H3 
flBa^n,aTn CTyn,eHTOB, nnTaH Bee Kypcbi). OHa cnpocnjia, hto TaKoe rn- 
nepreoMeTpnnecKaa cpyHKniiH, 3anncajia ccbijncy Ha KHHry BsiiTMeHa- 
9p,ii;eHH h ynijia. Mepe3 ppe He^ejin 6e3 en,n hoh KOHcyjibTanHH CTy- 
neHTKa npHHecjia tckct, b kotopom 6e3 epjmoii noMapKH 6mji 3anncaH 
no,u;po6HbiH bbibo/i, TeopeM 7,8 n hx o6o6meHHn (cm moKe). Hnnero no- 
,np6Horo b CBoeit jkh3hh h 6ojibine He BH^eji, a »cajib, 3aBn,zryio koji- 
jieraM, KOTopbie CTajiKHBajincb c no,up6HbiMH cnynanMH name. Ceftnac, 
HacKOjibKO n 3Haio, fliHa KoHOBajiOBa jkhbSt h pa6oTaeT b Hoboch6hp- 
ckc 
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PaccMOTpenbi ii 6ojiee o6iinie KOM6iiHiipoBciHHi>ie ,zrpo6Hbie CTeneHii 
,h,jih napbi onepaTopoB (^D) m (B u ) k . 9to ceMeiicTBO onepaTopoB hh- 
TepecHO TeM, hto coflepjKiiT o6biHHbie onepaTopbi PiuviaHa -JiHyBHjijiH 
(to = 0, v = 0), ,npo6Hoe HHTerpoflii(p(pepeHn,HpoBaHHe Beccejia (m=0), 
onepaTopbi 3p,n,eHH-Ko6epa (k=0). B stom cjiynae Taitsce flOKasaHbi co- 
OTBeTCTByioin,iie cpopMyjibi Tsiijiopa. 

,Hajiee npHBe,n;eM BbipajKeHiie pjisi pe30jibBeHTbi ,a,po6Hbix CTeneHeii 
onepaTopa Beccejia. Oho o6o6inaeT 3HaMGHiiTyio cpopMyny pjia ppo6- 
Hbix HHTerpajiOB PiiMaHa-JIiiyBiuijiH, HanncaHHyio 6e3 ^OKasaTejibCTBa 
BimapoM Xiijijie ii Mkobom flaBii^OBHHeM TaiviapKHHBiM b pa6oTe 1930 
rofla [206]. B stoh pa6oTe yKa3biBajiocb, hto cpopiviyna pjisi pe30jibBeH- 
tbi MOJKeT 6biTb BbiBe^,eHa MeTO^OM npeo6pa30BaHHH JIanjiaca c iic- 
nojib30BaHHeM HOBoro Ha tot momcht noHHraa cbSptkh b Ayxe pa6oT 
^eirrna, ho 3tot cnoco6 noxojKe He 6biji HHKor,n,a peajiH30BaH. OopMyjia 
TaMapKHHa-Xnjijie 6bijia Ha ceimom ,a,ejie BnepBbie flOKa3 Ha b moho- 
rpaepHH M.M. /BKp6aimiHa [207] o6bihhi>im pjisi TeopHH HHTerpajibHbix 
ypaBHCHHH MeTOflOM nocjieflOBaTejibHbix npn6 jihjkchhh , xoth b moho- 
rpaepHH MxHTapa MicpTHTeBHHa HeT ynoMHHaHHH, ^ito ,n;oKa3aTejibCTBO 
/jaeTCH hm BnepBbie, hto xapaKTepn3yeT 3Toro 3aMeHaTejibHoro MaTeMa- 

THKa. nOSTOMy, B03MOJKHO, HCTOpHHeCKH npaBHJIbHbIM 6bIJIO 6bl Ha3bl- 

BaTb (popMyjiy pjisi pe30jibBeHTbi onepaTopoB ,n,po6Horo HHTerpnpoBaHHH 
PHMaHa-JInyBHjijiH cpopMyjioii TaMapKiiHa-Xiijijie-fljKp6anisiHa. Kpo- 
Me Toro, b [207] BnepBbie 6bijin no,npo6HO H3yneHbi CBOiicTBa cpyHKiniH 
MnTTar-JIeepjiepa, H3 3toh KHHrn ot necTBeHHbie MaTeiviaTHKH y3Hajin o 
cymecTBOBaHHH no,n,o6HOH cpy hkhhh . B flajibnennieM CBOiicTBa qSyHKiniH 
MnTTar-JIeepjiepa H3yHajiHCb b pa6oTax MHornx MaTeMaTHKOB, pe3yjn>- 
TaTbi ^ajibHeiiinnx HCCjieflOBaHHH caivioro M.M. ,H,jKp6aHiaHa npocyMMH- 
pOBaHbl hm b [352]. 

OopMyjia TaMapKHHa-XHjijie-^JKp6ainHHa HBjiaeTCH caMbiM H3BecT- 
hmm npHMCHeHneM (pyHKi^HH MnTTar-Jleepjiepa, a Taitste ochoboh 
orpoMHoro HHCJia pa6oT no npHjiojKeHHSM ,irpo6Horo HCHHCjieHHH k /nicb - 
(pepeHH,HajibHbiM ypaBHCHHHM. KaK OTMeuaeT b CBoeM He^aBHeM o63ope 
Bhpjkhhhh KnpaKOBa [354], HTajibHHCKHe MaTeiviaTHKH R. Gorenflo h 
F. Mainardi npe^jiojKHjiH Ha3biBaTb cpyHKHino MnTTar-JIecbjiepa Kopo- 
jieBCKOfl: (pyHKH,Hefl: TeopHH ,n,po6Horo HCHHCjieHHH (Queen function of the 
fractional calculus) [358]. AHajioniHHO, caMbiM H3BecTHbiM npHMeHeHneM 
-ff-cbyHKu,HH OoKca no MoeMy mhchhio HBjiaeTCH pe3yjibTaT A.H. Ko- 
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ny6ea [208-209], b pa6oTax KOToporo nepe3 yKa3aHHyio ii-apyHKiniio 
CDoKca, He CBOflHmyiocfl k cpyHKiniHM H3 6ojiee npocTbix KjiaccoB, 6bijia 
BbipajKCHa (pyHKn,HH TpHHa fljia: ypaBHeHHa ,h,po6hoh ,zni(p<py3HH. 

TeopeMa 9. fljix pe30JibBeHTbi oneparopa /ipo6Horo MHTerpiipoBa- 
hhh Beccejia (45) npn a = 0, § ^ v < 1 Ha nopxo^siiHiix qbyHKijHsix 
cnpaBe^jiHBO HHTerpajibHoe npeflCTaBjierme 



— pa3HOBHflHOCTb mnepreoMeTpHHecKOH (pyHKiniii Paitra hjih <PoKca. 

Ilo/rpGHbie cpyHKHHH TaKJKe BCTpenajiHCb b pa6oTax A. B. ITcxy [196], 
3to cneiniajibHbic cayman 6ojiee o6ihhx cpyHKinifi PaiiTa, G-cpyHKiniii 
Meiiepa h i/-apyHKiniii OoKca, KOTopbie nepBOHanajibHO bbo^thjihcb KaK 
o6o6m,CHHH cpyHKi^HH Beccejia [102-120]. Otmcthm TamKe TaKoii 6ec- 

CMMCJieHHblH TepMHH, K COJKajieHHK) HCnOJIb30BaHHblfi b [34], KaK <pyHK- 

n,HH BeccejiH-MaftTjieHfla, KOTopbift bo3hhk b pe3yjibTaTe He,n,opa3yMe- 
hhh H3 pacHjieneHHH hmghh 3,n,Bap,zia MsiiTjieH^a PaiiTa. CoBpeMeHHoe 
cocTOHHne TeopHH o6o6m;eHHbix riinepreoMeTpiiHecKHx (pyHKiniii una 
MnTTar-JIeepjiepa, Meiiepa, Paitra h OoKca H3jio»:eHO b [353 -357]. 
HHTepecHoii 3a,naHeii HBjiHeTCH flajibHeiirnee ynpomeHHe npe/rcTaBjieHHH 
Hflpa (50), ecjiH oho bo3mojkho. 

OcHOBHbie HHTerpajibHbie npe/i,CTaBjieHHH fljia cpyHKHHH MnTTar- 
Jlecpjiepa c yneTOM cpopMyjibi TaMapKHHa-XHjijie-^}Kp6aiHHHa mojkho 
Tenepb 6e3B03Me3,n,HO, to ecTb /iapoM ©, nojiyHHTb H3 H3BecTHbix <pop- 
Myji FHjib6epTa fljia pe30jibBeHT, hto, HacKOJitKO H3BecTHO aBTopy, paHee 
He OTMenajiocb. 




(49) 



r^e sflpo K(x, y) BbipaxaeTca no qbopMyjiau 




(50) 
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Otmgthm, hto pe30jii>BeHTbi, Kclk aHajiHTH^ecKHe onepaTop- 
(pyHKipiH, KOMMyTiipyiOT co cbohmh onepaTopaMH. CjieflOBaTejibHO, hx 
b npHHinine mojkho onaTb paccMaTpiiBaTB Kax cbipbe ^jih nojiyneHHH 
HOBbix Oil. Kpoivie Toro, H3 ochobhoto CBOiicTBa Oil (1) cpopMajibHO 
cjie^yeT no,u;o6Hoe cooTHOineHHe h pjin pe30JibBeHT TR\(A) = R\(B)T, 
ho MHe Hen3BGCTHBi npHMeneHHH SToro cooTHOiHGHHH . Bojiee TOrO, OnHTb 
}Ke (popMajibHO cpa3y nojiynaeTCH h o6maH cpopivryjia 

Tf(A) = f(B)T (51) 

fljra npoH3BOjibHoro jiHHeftHoro Oil co cbohctbom (1) h aHajiHTH^iecKoft 
cpyHKHira /. 

IIojiyHeHHaa cpopMyjia /yin pe30jibBeHTbi ,n,po6Hbix CTeneHeft oncpa- 
Topa Beccejia no3BOjiaeT paccMaTpiiBaTB 3a,n,aHH p/in oGbiKHOBeHHoro 
HHTerpo-flHcpepepeHHiiajibHoro ypaBHeHHH BH,n,a 

B>(z) - Xu(x) = fix), (52) 

npn pa3jiHHHbix KpaeBbix yciiOBHHX. IIo aHajiornn c H3BecTHbiMH pe3yjib- 

TaTaMH B03MOJKHO TaKJKe paCCMOTpCHIie ypaBHeHHH B HaCTHblX npoH3- 

BO^Hbix c apoGhbimh CTeneHHMH onepaTopa Beccejia h hx MO,zni<pHKa- 
hhhmh no KanyTO. K nncny Taioix ypaBHeHHH othochtch o6o6meHHe 
i3-3jijiHnTHHecKoro no TepMHHOJiorHH Il.A.KnnpHHHOBa [30] flpo6Horo 
ypaBHeHHH ilanjiaca-Beccejin 

n 

^2 B ^u(x-i,X2, ■ ■ -X n ) = f(x-i,X2,...X n ), 
fc=l 

HecTaniiOHapHOC ypaBHenne BH,n,a 

B« t u(x,t)=A x u(x,t) + f(x,t), 

a TaK»ce onepaTopnbie ypaBHeHHH b npocTpaHCTBax BaHaxa, aHajiornn- 
Hbie H3yneHHbiM b [213]. 

Kpoivie Toro, paccMOTpeHne cneKTpajibHbix cbohctb ypaBHeHHH (52) 
HyjKflaeTCH b H3yneHHH cIChmtoteke cpyHKHHH K{x, y) H3 (popMyjibi (50) 
b KOMnjieKCHOii njiocKOCTH, a TaicjKe pacnpe^,ejieHHH ee KopHeii. 
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7. OnepaTopM npeo6pa30BaHHH ByuiMaHa 3p,n,eiiH. 

PaccMOTpHM BajKHbiii Kjiacc Oil, KOTopbift npn onpeflejieHHOM bh- 
6ope napaMeTpoB HBjiaeTCH oflHOBpeMeHHtiM o6o6meHiieM Oil Cn,H, h 
hx conpajKeHHbix, onepaTopoB flpo6Horo HHTerpoflHcpcpepeHnnpoBaHHH 
PHMaHa-JInyBHjijiH n 3p,u;eHH-Ko6epa, a TaiQKe nnTerpajitntix npeo6- 
pa30BaHHii Mejiepa-Ooxa. 

OnPEflEJTEHHE 6. OnepaTopaMH ByniMaHa-3pfleiiH Ha3biBaiOTCH 
HHTerpajibHbie onepaTopbi 

Btff = £ (x 2 t 2 )^ PS (f ) f(t)dt, (53) 

Etff = £ (x 2 t 2 y% P£ (£) f(t)dt, (54) 

B v ^f = £ (t 2 - x 2 y* PH (£) f(t)dt, (55) 

E v J»f = £ (t 2 x 2 )-^ (f) f(t)dt. (56) 

3flecb Pjf(z)— (pyHKinis JlejKaHflpa nepBoro po^a [102], P^(^)— Ta jKe 
cpyHKnna Ha pa3pe3e —1 ^ t ^ 1, f(x)— jiOKajibHO cyMMHpyeMaa 
cpyHKn,Ha, yupBjieTBopjnoinaa HeKOToptiM orpaHHieHHSM Ha pocT npn 
x — > 0, x — > oo. IlapaMeTpbi /i, ^— KOivinjieKCHBie nncjia, Re/x < 1, mcok- 

HO OrpaHHHHTbCS 3HaHCHHHMH Rc V ^ — 1/2. 

HHTerpajibHbie onepaTopti yKa3aHHoro BH^a c cpynKiniaMn JIcjKaH,u;- 
pa b H^,pax BnepBbie BCTpernjincb b pa6oTax E.T. Copson no ypaBHeHHio 
3Hjiepa-IIyaccoHa-^ap6y b KOHne 1950-x ro,n,OB. A hmchho, b pa6oTe 
[359] ,a,OKa3aHO cne/iyioinee yTBepjKfleHne, KOTopoe a 6bi Ha3Baji 

JleMMa KoncoHa. 

PaccMOTpHM /nicpcpepeHnnajibHoe ypaBHenne b nacTHbix npon3BO,zi,- 
Hbix c flByMH nepeMeHHbiMH: 

d 2 u{x 1 y) 2adu(x, y) d 2 u(x,y) 2(3 du(x,y) 
dx 2 x dx dy 2 y dy 

(o6o6m,eHHoe ypaBHeHHe 3Hjiepa-IIyaccoHa-^],ap6y hjih B- 
rnnopGojiHHecKoe ypaBHCHnc no TepMnHOjiornn H.A.KnnpnHHOBa) 
b OTKpbiToii neTBepTH njiocKOCTn x > 0, y > npn nojioJKHTejibHbix 
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napaivieTpax (3 > a > c KpaeBbiMH ycjiOBHHMH Ha ocsx KOop/nmaT 
(xapaKTepncTHKax) 

u(x, 0) = f(x), «(0, y) - /(0) - g(0). 

IIpeflnojiaraeTca, hto penieHne u(x,y) aBjiaeTca HenpeptiBHO /niepcpe- 
peHinipyeivibiM b 3aMKHyTOM KBa,u;paHTe, HMeeT HenpepbiBHtie BToptie 
npoH3BO/i,Hbie b OTKpbiTOM KBa/rpaHTe, rpaHHHHbie <pyHKu,HH f(x),g(y) 
hbjihkdtch HenpepbiBHO flHcpepepeHiriipyeMbiMH. 

Tor,n,a, ecjiH penieHne nocTaBjieHHOft 3a/i,aHH cymecTByeT, to /tjih Hero 

BbinOJIHHIOTCH COOTHOHieHHH: 

du „ du „ 

-=0,, = 0,-=0,, = 0, (57) 



2^(/3 + 1) jT 1 /(x*)^ +1 (i - t 2 ) ^ p'-Jt 



dt = (58) 



= 2°T(a + ±) [ g(xt)t a+fj+1 (l - t 2 ) ^ P^tdi . 



o 



2£Q3+|) x _ 20 
r(a + 5 )r(/3 - a) 

• j V x 2a - 1 f{x)(y 2 -x 2 Y~ a - 1 xdx. (59) 
Jo 

CooTHomeHHa (57) 6bijiH H3BecTHbi paHee pp KoncoHa, ohh ohcbh^,- 
Hbi. B pa6oTe npHBO/niTCH HecTpornn BbiBOfl (58), to ecTb nojiyneHO, hto 
rpaHHHHbie cpyHKHHH (hjih 3HaHeHHH penieHHH Ha xapaKTepncTHKax) He 

MOryT 6bITb npOH3BOJH>HBIMH, OHH CBH3aHbI B COBpeMeHHOH TepMHHOJIO- 

rm onepaTopaMH ByiHMaHa-SpflefiH. flajiee yTBepjKflaeTCH, hto ecjin 
flBe cpyHKiniH CBH3aHbi onepaTopaMH ByiHMaHa-BpflefiH yKa3aHHbix no- 
Ph^,kob, to Ha caMOM ,n,ejie BbinojiHaeTCH (59) — to ecTb ohh CBH3aHbi 
6ojiee npocTbiMH onepaTopaMH 3p,n,eHH-Ko6epa. B stom Ha moh B3rjia,zi; 
ocHOBHoe coflepjKaHHe jicmmbi KoncoH a. 

Ho OTCio/ja He cjie/ryeT, KaK HHor^a OTMenaeTCH, hto Tenepb mojkho 
cpa3y nojiyHHTb o6pameHHe cooTBeTCTByiomero onepaTopa ByniMaHa- 
3p,n;eHH, xoth 6bi cpopMajibHO. Jlflsi stoto npoH3BOjn>Hyio cpyHKiniio b 
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npaBOH nacTH cooTBeTCTByiomero ypaBHeHHH Ha,n,o 3anncaTb TamKe b 
BH,a;e onepaTopa ByniMaHa-3p,ii;eHH cooTBeTCTByiomero nopa^Ka, hto6bi 
no,n;orHaTb nofl jieMMy KoncoHa. Ho pjin SToro ysce Ha^o yMeTb onepa- 
Top ByniMaHa-3pfleiiH oGpamaTb-nojiyHaeTCH nopoHHbift Kpyr. TaKHM 
o6pa30M, HeBepno npnnncbiBaTb KoncoHy nepBbifi pe3yjibTaT no o6pa- 
meHHio onepaTopoB ByniMaHa-Spflenn, xoth Ha KOjibKO HaM H3BecTHO b 
ero paGoTe sth onepaTopbi fleftcTBHTejibHO BCTpenaiOTCH BnepBbie. 

^I,OKa3aTejibCTBa b pa6oTe [359] CKopee hbjihiotch HecTporiiMH pac- 
cyjKfleHHHMH, HaMenaioiiniMH hto h b KaKOM nopaflKe Ha^o flejiaTb, xoth 
bc6 noHSTHO ii BiifliiMO jierKO flOBOflHTCH pp CTpororo. Bii,ii;iimo, y Konco- 
Ha 6bijiH HeKOTopbie comhchhh b sthx pe3yjibTaTax, Tax KaK h He naineji 
hx b nocjie/ryioineH ero KHHre [360], hto hcckojibko CTpaHHO. A mojkct, 
oh He npnflaBaji hm ocoGoro 3HaHeHHH. Otmcthm TaKJKe, hto b KpacHoii 
KHnrc [34 — KnjiGac, MapnneB, CaMKo] h ^pyrnx pa6oTax ,n;aeTCH He 
coBceM TonHaa ccbijiKa Ha pa6oTy [359], KOTopyio mm 3flecb ncnpaBHjiH. 

3Ta nepBaa pa6oTa Koncona nainjia npoflOjBKeHHe b cobmccthoh pa- 
6oTe c 3p,u;eiiH [361]. TaM flaeTCH CTpornn bbibo,!!,, bboahtch no/rxo/ra- 
miie Kjiaccbi cpyHKHiiii, hbho 03ByneHa cbh3b c ,n;po6HbiMH HHTerpajiaMn 
h onepaTopaMH Ko6epa-3p,u;eiiH. 

TaKHM o6pa30M, mojkho c,a,ejiaTb BbiBO,ii;, hto BnepBbie no/i,po6Hoe 
H3yneHne pa3peniHMOCTH h o6paTHMOCTH flaHHbix onepaTopoB 6hjio Ha- 
naTO b 1960-x ro/jax b pa6oTax P. ByniMaHa n A. Sp/jenn [216-219]. 
OnepaTopbi ByniMaHa-Sp^eHH H3ynajincb TamKe b pa6oTax Higgins, 
Ta Li, Love, Habibullah, K.N. Srivastava, flpsb XoaHr AHb, CMnpHOBa, 
BnpneHKO, Oe,n;oTOBOH, Knji6aca, Ckopomhhk h ,zrp. Ilpn 3tom b ochob- 
hom roynajiHCb 3a^,anH o penieHHH HHTerpajibHbix ypaBHeHnii c sthmh 
onepaTopaMH, hx cpaKTopH3aHHH n o6pamcHHH. 3th pe3yjibTaTbi h3jio- 
jKCHbi b MOHorpacDHH [34] , xoth cjiynaii Bbi6paHHbix Haim npe^ejiOB hh- 
TerpnpoBaHH cnnTaeTCH TaM oco6mm h He paccMaTpnBaeTCH, 3a hckjiio- 
neHneM o/nroro Ha6opa cpopMyji KOMno3ninin, cm. TaKace [220-225]. 

TepMHH "onepaTopbi ByniMaHa-Spflenn" KaK Han6ojiee HCTopnne- 
ckh onpaBflaHHbiii 6biji BBefleH aBTopoM b [226-227], BnocjieflCTBHH oh 
Hcnojib30Bajica h flpyrnMn aBTopaMH. PaHee b [34] BCTpenajica npe/rjio- 
jKeHHbifl: O.H.MapnneBbiM TepMHH "onepaTopbi ByniMaHa". Han6ojiee 
nojiHoe H3yneHHe onepaTopoB ByniMaHa-3pfleitH Ha Hani B3rjia,n, 6hjio 
npoBe^,eHO b pa6oTax aBTopa b 1980-1990-e roflbi [229, 374, 226-228] h 
3aTeM npoflOjBKeHO b [252-260, 362-372]. Ilpn 3tom Heo6xo/niMO OTMe- 
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thtb, hto pojib onepaTopoB ByniMaHa-SpfleHH krk Oil flo pa6oT [229, 
374, 226-228] BOo6me paHee HHiyje He OTMenajiacb h He paccMaTpHBa- 
jiacb. 

Oco6o OTMeTHM pa6oTH H.A.BnpHeHKO [238-240], A.A.Knji6aca h 
hx yneHHKOB. Tax b pa6oTax A.A.Knji6aca h O.B.Ckopomhhk [375-376] 
paccMaTpHBaeTca flencTBHe onepaTopoB ByniMaHa-3p,n,eHH b BecoBbix 
npocTpancTBax JIe6era, a TamKe MHoroMepHbie o6o6meHHH b BHfle hh- 
TerpajiOB no nHpaMHflajibHbiM o6jiacTHM. 

BajKHOCTb onepaTopoB ByiHMaHa-3p,neHH bo MHoroM o6ycjiOBjieHa 
hx MHoroHHCjieHHbiMH npHjiojKCHHHMH. HanpHMep, OHH BCTpe^aiOTCH B 
cjieflyromiix Bonpocax Teopnn ypaBHCHHii c nacTHMMn npoH3BO,a,HbiMH 
[34] : npii peineHHH 3aflann ^npiixjie pjia ypaBHeHHH 3Hjiepa-I4yaccoHa- 
,Hap6y b neTBepTH njiocKOCTH h ycTaHOBjiCHHH cooTHOiiieHHH Me»yi,y 3Ha- 
HGEEAMH peineHHH ypaBHeHHH 3iijiepa-nyaccoHa-flap6y Ha MHorooSpa- 
3hh HanajibHbix flaHHbix h xapaKTepncTHKe (cm. jieMMy KoncoHa Bbinie), 
Teopnn npeo6pa30BaHHH Pa^ona, Tax KaK b cnjiy pe3yjibTaT0B JIio/itjh- 
ra [230-232] ^eiicTBHe npeo6pa30BaHHH PaflOHa np h pa3Ji0JKCHHH no 
cepepnnecKHM rapMOHHKaM cbo/uitch KaK pa3 k onepaTopaM ByniMaHa- 
Spneita no pa/niajibHOH nepeMeHHOii, npn nccjie/ipBaHHH KpaeBbix 3aflan 

^JIH pa3JIHHHi>IX ypaBHeHHH C CyineCTBeHHMMH OCo6eHHOCTHMH BHyTpH 

o6jiacTH, /i,OKa3aTejn>CTBy bjiojkchhh npocTpaHCTB 14. A. KnnpnHHOBa b 
BecoBbie npocTpaHCTBa C.JI. Co6ojieBa, ycTaHOBjieHHio CBH3eii Mempy 
onepaTopaMH npeo6pa30BaHHH h bojihobbimh onepaTopaMn TeopHH pac- 
cchhhh, o6o6meHHio KjiaccnnecKHx HHTerpajibHbix npe,n,CTaBjieHHH Co- 
HHHa n rtyaccoHa n onepaTopoB npeo6pa30BaHHH CoHHHa-HyaccoHa- 
flejibcapTa. 

Otmcthm, hto nojryneHHbie aBTopoM b [226-227] b 1990-1991 ro- 
/jax pe3yjii>TaTiji no (paKToproaniiH no3BOjiaiOT cpa3y omicaTb ycjiOBHH 
orpaHnneHHOCTH o6nnix onepaTopoB ByHiMaHa-3p,n;eHH b BecoBbix npo- 
CTpaHCTBax JIe6era. ^eftcTBHTejibHO, b sthx pa6oTax Han,n,eHbi TOHHbie 
ycjiOBHH orpaHHHCHHOCTH onepaTopoB ByniMaHa-3p,zi,eHH HyjieBoro no- 
pa^Ka rjia,n;KOCTH b BecoBbix npocTpaHCTBax JIe6era. KaK noKa3aH0 hh- 
»ce, o6mne onepaTopti hbjihiotch KOMno3HiniHMH onepaTopoB HyjieBO- 
ro nopa,u;Ka rjia,n;KOCTH h onepaTopoB PnMaHa-JlHyBHjijiH hjih 3p,a,eHH- 
Ko6epa, a TOHHbie ycjiOBHH orpaHnneHHOCTH nocjieflHH x 6bijih H3BecTHbi 
ysce flaBHO [34]. Ha stom nyra tojibko He yuaeTCH ycTaHOBHTb TOHHbie 
KOHCTaHTbi b HepaBeHCTBax fljia HopM onepaTopoB. Hnsce npnBefleHbi 
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ycjiOBiia orpaHHHCHHOCTH onepaTopoB ByinMaHa-3p,n,eHH c moHHUMU 
KOHcmanmaMU ,zyia HeBecoBoro cjiynas:, n fla»ce HaftfleHbi ycjiOBna Ha 
napaMeTpbi, o6ecnenHBaioinHe hx yHumapHoemt. /Ipyroft noflxofl k onn- 
caHHio fleiicTBHH onepaTopoB ByniMaHa-3pflefl:H b BecoBbix npocTpaH- 
CTBax JIe6era HeflaBHO 6biji npnMeHeH b [375-376]. 

IIpHBefleM nojiHbin cnncoK pe3yjiBTaTOB, nojiyHeHHbix aBTopoM, npn 
ii3yHGHiiii onepaTopoB ByinMaHa-3p,n,eHH. 

• BBefleHbi onepaTopbi ByniMaHa-3p,ii;eHH nepBoro, BToporo n Tpe- 
Ttero poflOB, npnneM jxb& nocjie,n,HHx Kjiacca paHee He BBO/nijincb 
h He HCCJieflOBajiHCb. 

• BnepBbie onepaTopbi ByniMaHa-Spflenn H3yneHbi KaK onepaTopbi 
npeo6pa30BaHHH 

• BBefleHO noHHTHe rjia^KOCTH pjin onepaTopoB ByniMaHa-BpfleiiH. 

• BnepBbie H3yneHbi onepaTopbi ByniiviaHa-3p,n,eHH c HHTerpnpoBa- 
HiieM no npoMejKyTKaM [0,2;] h [x, oo]. 

• nojiyneHbi HOBbie cpopMynbi (paKTopn3ainiH. 

• IfeyneHO fleftcTBHe onepaTopoB ByHiMaHa-3p,u;eHH HyjieBoro no- 
paflKa rjiaflKOCTH b npocTpaHCTBax L 2 (0,oo) h BecoBbix npo- 
CTpaHCTBax JIe6era. rtojiyneHbi TOHHbie 3HaneHHH HopM, Haiifle- 
Hbi ycjiOBHa orpaHHneHHOCTH h HeorpaHH^eHHOCTH. BBH^y nojiy- 
neHHbix (popMyji (paKTopH3an,HH OTCiofla cjie/ryiOT pe3yjiKraTbi no 
^eiicTBHio b BecoBbix npocTpaHCTBax JIe6era o6mnx onepaTopoB 
ByniMaHa-3pAenn. 

• HaJi,n;eHbi ycjiOBHH yHHTapHOCTH onepaTopoB ByniMaHa-3pfleiiH 
HyjieBoro nopa/nta rjia/i,KOCTH b npocTpaHCTBax £2(0, 00). 

• PenieHa 3aflana 06 yHHTapHOM o6o6ineHnn onepaTopoB npeo6pa30- 
BaHHH CoHHHa h BiyaccoHa. HaftfleHbi On SToro Tana, yHHTapHbie 
npn Bcex 3HaHeHHHx napaMeTpa. PeineHHe nojiyneHO b paMKax Me- 
TO,n,a K0Mno3HD,HH, HCKOMbie On BbipajKaiOTCH nepe3 onepaTopbi 
ByniMaHa-3p^,eiiH TpeTtero po,n;a. 

• OnncaH cneKTp onepaTopoB ByniMaHa-3p,ii;eHH HyjieBoro nopa^Ka 
rjia/i,KOCTH b BecoBbix npocTpaHCTBax JIe6era. 
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• Haft^CHM BbipajKCHHa onepaTopoB ByiHMaHa-3p,ii;eHii nepe3 Kjiac- 
CHHecKne HHTerpajibHbie npeo6pa30BaHiiH Qypbe, cimyc- 11 
KOCHHyc-npeo6pa30BaHHH Qypte, npeo6pa30BaHiie XaHKejra. 

• HsyneHbi CBOiicTBa MyjibTiinjiiiKaTopoB onepaTopoB ByniMaHa- 
3p,ii;eHii npn ,n,eHCTBiiii npeo6pa30BaHiiH MejijiHHa. Mepes MyjitTH- 
njiHKaTopbi waApfiwbi ycjiOBiia, npH KOToptix npoH3BOjibHbie one- 
paTopbi HBjiaiOTca Oil Tina Comma 11 IlyaccoHa, a TamKe no- 
jiy^eHBi (popMyjibi cbsbii pa3HOCTopoHHHx onepaTopoB ByniMaiia- 
BpfleiiH b TepMHHax o6o6m;eHHbix npeo6pa30BaHiifi CTiijibTbeca 11 
rnjib6epTa. 

• BBefleHbi 11 H3yHeHbi onepaTopbi BymMaHa-Bpfleita BToporo po/ja, 
c (pyHKn,HSMH JIejKaH,u;pa BToporo po,n,a b a^pax. 

• nojiyneHbi o6o6in;eHiiJi HHTerpajibHbix npeflCTaBjiemiii CoHima 11 
riyaccoHa pjin cnemiajibHbix cpyHKimft. 

• PeineHO 6ojibinoe hiicjio HHTerpo-/mcp<pepeHii,iiajibHbix ypaBHemiii 
c (pyHKn,HSMH JlejKaHflpa pa3jiiiHHbix tiiiiob b a,u;pax h nojiyneiibi 
ou,eHKH peineHHH b BecoBbix npocTpaHCTBax JIe6era. 

• C noMom,bio onepaTopoB ByniMaiia-SpfleHii HyjieBoro nopafl- 
Ka rjia^KOCTH b o/moiviepHOM cjiynae ,n,OKa3aHO BjiojKeHiie npo- 
CTpaHCTB H.A. KiinpiiHHOBa b BecoBbie npocTpaHCTBa C.J1. Co- 
6ojieBa. 

• npefljiojKeH o6iii,iih MeTOfl nocTpoeHiiH HOBbix Hanajibiibix 11 Kpa- 
eBbix 3a^an c HHTerpajibHbiMH onepaTopaMH Tima flpo6iioro hh- 
Terpo,n;H(p(pepeHD;HpoBaHHH pasjiiiHHbix tiiiiob b KpaeBbix ycjiOBii- 
hx pjisl ypaBHeHHa 3Hjiepa-IIyaccoHa-/],ap6y ii /ipyriix ypaBHemiii 
B-ajijiiinTiiHecKoro, _B-rnnep6ojiii x iecKoro 11 _B-napa6ojiiiHecKoro 

TffllOB. 

• H3yneH0 fleiicTBiie onepaTopoB ByniMaHa-3p,ii;eiiii b npocTpaH- 

CTBaX aHajIHTHHeCKHX (pyHKIfflH, flOKa3aHbI K03Cp<pIIiriieHT- 

Hbie ohchkii Tiina TeopeM iiCKajKemia 11 peineHbi iiHTerpo- 
micpcpepeHiriiajibHbie ypaBHGHiiH ,npo6Horo nopsmica b KOMnjieKC- 

HOH njIOCKOCTH. 



Transmutations and Applications. 



51 



TLpuseflfiM ocHOBHbie pe3yjit>TaTbi, b ochobhom cnepysi b H3jiojKeHHH 
[226-227]. Bee paccMOTpeHHa BeflyTCH hhjkc Ha nojiyocn. IlosTOMy 6y- 
^,eM o6o3HaHaTB nepe3 L2 npocTpaHCTBO £2(0, 00) h L2,k BecoBoe npo- 
CTpaHCTBO L2,fe(0, 00). N o6o3HanaeT MHOJKecTBO HaTypajiBHtix, No - 
HeoTpHE,aTejit>Ht>ix nejibix, Z - n,ejibix hR - /jeficTBHTejitHtix Hnceji. 

BHanajie pacnpocTpaHHM onpe,n,ejieHHe 6 Ha Ba:»cHbiH He nccjieflOBaH- 
hmh paHee cjiynafl: /1 = 1. 

OnPEflEJTEHHE 7. BBe^eM npn /i = 1 onepaTopbi ByiHMaHa-3p,n,eHH 
HyjieBoro nopaflKa rjiaflKOCTH no (popMyjiaM 

</=^f *(f) /<*)*, (60) 



K+/= / ^( -) ^d*, (61) 



r^e Piy(^) = P®(z)— (pyHKHHH JlejKaHflpa. 

Pa3yMeeTCH, npH oneBHflHBix flonojiHHTejitHtix ycjiOBHax Ha cpyHK- 
hhh b (60)-(63) mojkho npo/nicpcpepeHinipoBaTb nofl 3HaKOM HHTerpajia 
hjih npoHHTerpHpoBaTb no nacTHM. 

TeopeMa 10. CnpaBe/ijiiiBbi cjiepyionjHe (popuyjibi (paKropma- 
n\vm oneparopoB ByniMaHa-9p/ieiiii Ha noffxofrsiiniix cpyHKiifisix *iepe3 
flpo6sbie iiHTerpajiM PiiMaHa-JIiiyBiijuia, 9p/reitH-Ko6epa ii ByuiMaHa- 
9p/i,eHH HyjieBoro nopuflKa rjiaflKOCTH: 

K+f = 1^5+/, B v i "/ = tf»L Il^f, (64) 

K+f = i^o+ ^77. £ - "/ = i 5 -/- ( 65 ) 

3th cpopMyjibi no3BOjiHiOT "pa3flejiHTb"napaMeTpbi v n (i. Mbi flo- 
Ka jkgm , hto onepaTopbi (60)-(63) hbjihiotch H30Mop<pn3MaMH npo- 

CTpaHCTB L2(0,Oo), eCJIH V He paBHO HeKOTOpblM HCKJHOHHTejIbHblM 3Ha- 

h6hhhm. nosTOMy onepaTopbi (53)-(56) no /jeiicTBHio b npocTpaHCTBax 
Tnna L2 b onpe^ejieHHOM CMbicjie no,no6Hiji onepaTopaM ,npo6Horo HHTe- 
rpoflH(pcpeHD;HpoBaHHH c KOToptiMH ohh coBnaflaiOT npn v = 0. 
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,II,a.nee onepaTopti BymMaHa-Bpfleita 6yzryT floonpeflejieHbi npii Bcex 
3HaHCHHHx p. Hcxofla H3 3Toro, BBe^eM cjieflyiomee 

OnPEflEJTEHHE 8. Hhcjio p = 1 — Re p Ha30BeM nopaflKOM raaflKOCTH 
onepaTopoB ByniMaHa-3pfleiiH (53)— (56). 

TaKHM o6pa30M, npH p > (to ecTb npii Re p > 1) onepaTO- 
pbi ByniMaHa-3p,ii;eHH aBjiaiOTca crjrajKHBaioiHHMH, a npii p < (to 
ecTb npn Rep < 1) yMeHbinaiomHMH rjiaflKOCTb b npocTpaHCTBax th- 
na ^2(0, 00). OnepaTopbi (60)-(63), rjir kotopmx p = 0, aBjiaiOTca no 
(HciHHOMy onpe^ejieHHio onepaTopaMH nyjieBoro nopa/pca raa/n-cocTH. 

Ilepe^iHCjiHM ocHOBHbie CBOficTBa onepaTopoB ByniMaHa-SpfleiiH 
nepBoro po,n;a (53)-(56) c cpyHKinieii JlejKaimpa I po,n,a b a^pe. ByqeM 
o6o3HanaTb oGjiacra onpeflejiemia onepaTopoB nepe3 'D(Bq^), 53 (Eq'_^) 

H T.fl. 

npocTeftniHe CBOiicTBa cpyHKiniii JlejKaHflpa npiraoflaT k TOJK^e- 

CTBaM 

r,V,Hf_ T3 — V—l,llf -EiV,IXf_ j-,— v-\, n f 

B^"f = BZ v ~ hl "f, E v J»f = EI v - 1 '»f, (66) 



(2u + l)xB^[±f] = {v p + l)B^^f + {v + p)B^- 1 ^f, 

(2v + 1)- B^[xf] = (v-p+ l)B v _ +1 >»f + (u + p)B v _-^f,{Q7) 

x 



Bo+ h "f B^^f = -(21/ + lX"-^/], 
B^ 1 '^ -B v _ +1 ^f=-{2 V +l)^-B u :^ 1 f. (68) 
H3 cpopMyn pa3jiojKenHa L u Ha mhojkhtcjih nojiynaiOTca TOJKflecTBa 



*W -)/ /C-7.. 



Transmutations and Applications. 



53 



cnpaBe,n;jiHBi>ie npii ycjiOBiiax Re /i < 1 , Re v > — ^ 

Jm /(»)/»" = 0, / € DKf-), ± ^) / € SKfl 

OopMyjibi (66) no3BOjiHiOT orpaHHHHTbca cjiy^aeM i?e;/ ^ — ^. 
CDyHKiniii, Ha KOToptie fleftcTByiOT onepaTopbi, ^ojiJKHbi npHHa^,jie>KaTb 
hx o6jiacTHM onpeflejieHHH. fljifl onepaTopa Eq'_^ cnpaBefljiiiBbi Te *:e 

cpopMyjibi, HTO H pflR BqI^ 

TeopeMa 11. Onepampbi ByniMaHa-9p/reitH (53)-(56) onpeppjieHbi, 
ecjiH Re fx < 1 hjih fi £ N h ^onojiHMTejibHO BbmojineHbi ycjiOBaa: 

a) fljin onepampa Bq'_^ 

X 

j Vy\f(y)\ny\dy < oo, 
o 

ecjiH v = — \, |, a bo Bcex ocrajibHbix cjiynaxx 

X 

j y- Reu \f{y)\dy <oo, 



6) ffjia onepampa Eq'_^ flonojiHHTejibHbie ycjiOBusi He TpedyiOTCx; 

b ) fljin onepampa E v 2 p 

oo 

J y- Rev \f(y)\dy < oo, 

X 

r) fijix oneparopa B v _l M 

oo 

J y-i- Re »\\nyf(y)\dy < oo, 

X 

ecjiH v = — ^, /j, ^ ^, a bo Bcex ocrajihHbix cjiynaxx 

oo 

j y Re{ "-^\f(y)\dy <oo. 

x 
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B 3toh TeopeMe npe,n;nojiaraeTca, nTO rpyHKiniH f(x) HBjiaeTCH jio- 
KajibHO cyMMHpyeMOH Ha (0, oo), x - npoH3BOjibHoe nojiojKHTejitHoe hhc- 
jio. 

IIpH HeKOToptix cneiniajitHMx 3HaneHHHx napaMeTpoB v, fi onepaTo- 
pbi ByniMaHa-3pfleHH CBOflaTca k 6ojiee npocTbiM. Tax npn 3HaHeHiiHx 
H = —v hjih n = v + 2 ohh hbjihiotch onepaTopaMii 3pfleiiH-Ko6epa; 
npH v = onepaTopaMH ,npo6Horo HHTerpo,zni(pcpepeHHHpoBaHHH /g+ /i 
hjih I_ M ; npn i/ = — i, = hjih /Lt = 1 jLnpa BbipasKaiOTCH Hepe3 
3jijiHnTHH6CKH6 HHTerpajibi; npn /j, = 0, x = 1, i> = it — | onepaTop _B^° 
jihhib Ha nocToaHHyio OTjinnaiOTCH ot npeo6pa30BaHHH Majiepa-OoKa. 

TeopeMa 12. IlycTb hjih Re /i < 0, ktzh /i = m € N, — m ^ f ^ 
m-1, i/gZ. Toiyja cnpaBefljiHBbi m>KflecTBa 



aj-D +/-- t *o+ /i 0+ dx ~ 0+ ■'' ^ ' 



(72) 



eaznr see yna,3a,HHbie oneparopbi onpeflejieHbi. 

3tsl TeopeMa no3BOjiaeT ,n;oonpeflejiHTb onepaTopbi ByniMaHa- 
BpfleiiH h Ha 3HaneHHH Refi 1, nepeonpe,ii;ejiHB hx fljia naTypajibHbix 
p. 

OnPEflEJiEHHE 9. IlycTb ^,aHO hhcjio cr, Re a ^ 1. 06o3HaHHM nepe3 
m HaHMeHbinee HaTypajibnoe hhcjio, TaKoe, hto a = fi + m, i?e /i < 1. 
Toiyja onepaTopbi ByniMaHa-BpfleiiH floonpeflejiHM no (popMyjiaM 



^0 + 


u v, fj,+m 

— n a+ 


(dx 






- E v '» 









(73) 



-°0+ ' 

fix 
d 

dx 

E v 2 a = E^^ +m = ( —\ Ej* 1 . 

\ dx J 

Otmcthm, hto npn HaTypajibHbix ji onepaTopbi ByinMaHa-3p,zi,eHH 
onpeflejieHbi h no (popMyjiaM (53)-(56). Mbi nepeonpeflejiaeM hx fljia: 
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3thx 3HaHCHHH fi no cpopMyne (73). Trkiim o6pa30M, chmbojiemh Bq'J 1 , 
£'o+ i ' B— M ' ^ A^ee mm GyfleM o6o3HanaTi> onepaTopti, onpeflejise- 
Mbie no (popMyjiaM (53)-(56) npn Reii < 1, h no cpopMyjiaM (73) npn 
Refill. 

Bya,eM paccMaTpnBaTb Hapa^y c onepaTopoM Beccejia TamKe TecHO 
CBa3aHHbin c hum flHcpcpepeHniiajibHbiH onepaTop 

L„ = D*-»± + V = U-»)U + »), (74) 
x A \dx x J \dx x J 

KOTOpbiii npn v G N HBjraeTCH onepaTpoM yrjiOBOro MOMema H3 KBaH- 
toboh MexaHHKH. Hx B3anMOCBH3b ycTaHaBjiHBaeT 

TeopeMa 12. IJycTb napa Oil X v , Y v cnjieraiOT L v h Bropyio npo- 
H3B0flHyK>: 

X V L V = D 2 X V ,Y V D 2 = L V Y V . (75) 
BBe/ieM HOByio napy Oil no cpopMyjiaM 

Su = X v _ 1/2 x l '+ 1 l 2 1 P v = x-( v+1 WY„_ 1/2 . (76) 

Tor/ia napa hobbix Oil S„, P v cnjieTaiOT onepamp Beccejia n Bropyio 
npon3BOjxnyK>: 

S V B V = D 2 S„, P V D 2 = B V P V . (77) 

Pa3yMeeTCH, no yKa3aHHbiM cpopMyjiaM mojkho nepeiiTH h Hao6opoT 
ot Oil pjis. onepaTopa Beccejia k On fljia onepaTopa yrjiOBoro MOMenTa. 
Mbi coxpaHHM 3a On, fleiicTByioinHM no cpopMyjiaM (75), Ha3BaHHH Oil 
Tnna CoHHHa n rtyaccoHa cooTBeTCTBeHHO. 

Onpe/i,ejiHM Kjiacc <&(Bq'+) KaK mhojkcctbo cpyHKiniii Taioix, hto 

l)/W^(BoT)nC 2 (0,(»), 



l^f(y) + V ylnyf'(y) 



2) lim 

ecjin v — — i fi 7^ i 



o. 



2' r r 2 ' 



ecjin /i = v + 1, i?e v 7^ — |; h, HaKOHen,, 

lim f^ + ZM 
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bo Bcex ocTajibHbix cjiynanx. 

TeopeMa 13. IIycTbf(x) e ^(Bq'J 1 ), Re fi ^ — 1. Tor^a oneparop 
Bq'_^ HBjisieTCH onepampoM npeo6pa30BaHHa Tiina Comma h ypflBjieiBO- 
paer cooTHonieaiiio (75) ua cpyHKmisix f(x). 

AHajioriiHHbiH pe3yjibTaT cnpaBe,n;jiHB h jxjih jrpyrnx onepaTopoB 
ByniMaHa-3p/i,eHH. Ilpn stom E v _2 m Taitsce HBjrneTCH onepaTopoM Tana 
CoHHHa, a Eq'_^ h B v _1 p - onepaTopaMH Tina IlyaccoHa. 

Mojkho paccMaTpuBaTB cjiynaii, KOiyja hhjkhhh npe,a,eji b cooTBeT- 
CTByiomnx HHTerpajiax (53)— (56) paBeH npoH3BOjibHOMy nncjiy a > 0, 
hjih BepxHHH npejreji b HHTerpajiax paBeH npoH3BOjibHOMy KOHenHOMy 
nncjiy b > 0. IIpH 3tom Bee pe3yjibTaTM SToro nyHKTa coxpanaiOTCH, 
a hx (popMyjinpoBKH 3HaHHTejibH0 ynpomaiOTCH. B nacTHOCTH, Bee one- 
paTopbi ByiHMaHa-3pjj,eHH b stom cjiynae onpeflejieHbi npn e^HHCTBeH- 
hom ycjiOBHH Re/i < 1 b cpopMe (53)— (56) h hbjihiotch onepaTopaMH 
npeo6pa30BaHHH Ha cpyHKHHHx f(x) TaKHx. hto f(a) = f'(a) = hjih 
(/(&) = /'(6)=0). 

Tenepb cjrejiaeM BasKHoe 3aMeHaHHe. H3 nojiyneHHOH TeopeMbi cjiejxy- 
eT, hto Oil ByHiMaHa-3p^,eiiH CBH3biBaiOT co6cTBeHHbie cpyHKiniH one- 
paTopoB Beccejia h BTopoii npoH3BO,n,HOH. TaKHM o6pa30M, nojiOBHHa 
On ByHiMaHa-9pjj,eiiH nepeBOjrHT TpnroHOMeTpHHecKHe hjih SKcnoneH- 
iniajibHbie cpyHKiniH b npHBe,n;eHHbie (pyHKiniH Beccejrn, a jrpyran nojio- 
BHHa Hao6opoT. 3th (popMyjibi 3,necb He npHBOiTHTCH, hx HeTpyznio Bbinn- 
caTb hbho. Bee ohh hbjihiotch o6o6meHHHMH hcxojj,hmx cpopiviyji CoHHHa 
h nyaccoHa (35-36) h npeflCTaBjiniOT cymecTBeHHbiH HHTepec. Em;e pa3 
otm6thm, hto no^,o6Hbie (popMyjibi hbjihiotc HenocpeflCTBeHHbiMH cjiejx- 
ctbhhmh jj,OKa3aHHbix cnjieTaiomnx cbohctb On ByiHMaHa-SpfleiiH, h 
MoryT 6biTb HenocpeflCTBeHHO npoBepeHbi npn noMomii Ta6jiHii, HHTe- 
rpajiOB ot cneiniajibHbix cpyHKiniH. 

nepeiifleM k Bonpocy o pa3jiHHHbix cpaKTopH3aHHHx onepaTopoB 
ByniMaHa-3pjj,eiiH nepe3 onepaTopbi 3pjj,eHH-Ko6epa h jrpo6Hbie HHTe- 
rpajibi PHMaHa-JInyBHjijiH. HanoMHHM, hto onepaTopbi 3p,u;eHH-Ko6epa 
onpejj,ejiHiOTCH npn a > no cpopMyjiaM 
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X 

o 

oo 

I-;2,yf = J (t 2 - X 2 r-H^-«-y^f(t)dt, 

X 

a npii 3HaneHHax a > — n, n G N no 4>opiviyjiaM 

/ o+;2, !/ / = ^- 2(a+!/) (^2) ^^"^.j,/ (78) 

/":,.,/ - j " :l j. (79) 

TeopeMa 14. CnpaBepjiiiBbi cnepymmae cpopMyjibi cpaKTopii3aujiii 
onepampoB ByniMaHa-Sppfifiii ^iepes oneparopbi /i,po6Horo HHTerpo- 
/iii(pqbepeHiiiipoBaHHa h 9p/j,eiiii-Ko6epa: 

^0+ -4>+ Vv+i^-J ' ( 8 °) 

A)+ - {^J 7 0+;2,-i-'0+ . (S-U 

B v 2 " = (^j V+ IZ^+iI-'^ 2 , (82) 

e"j» = r {v+ »h»_+l (^y +1 . (83) 

Bee ocHOBHBie CBOiicTBa onepaTopoB ByniMaHa-BpflefiH MoryT 6biTb 
BbmefleHH 113 TeopeMbi 14. Tax mojkho nojiyniiTb, hto cpopMajitHO 06- 
paTHbiM k onepaTopy ByniMaHa-3p^,eHH c napaMeTpaMH (v, u,) hbjih- 
eTca tot ace onepaTop c napaMeTpaMH (y, 2 — /S). Tlpn stom h3 flByx 
onepaTopoB — npaMoro h o6paTHoro — Bceiyia o/hih 6yn,eT HMeTb HHTe- 
rpajibHoe npeflCTaBjieHne (53)-(56), a flpyroft onpeflejiaeTCH (popMyjiaMH 
(73) ; ofliH 6yn,eT o6a3aTejibHO HMeTb nojiojKHTejiBHtiH nopsflOK rjiaflKO- 
cth, a flpyroH OTpHiiaTejitHBiii (icpoMe onepaTopoB HyjieBoro nopa/iKa 
rjia/i,KOCTH) . KpoMe toto, ynHTbiBaa (78)-(79), TeopeMa 14 no3BOjiaeT 
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,n,oonpeflejiHTij onepaTopti ByiiiMaHa-3p,n,eHH Ha bck> o6jiacTb 3HaneHHH 
napaMeTpoB. Taxoe ,n;oonpe/],ejieHHe corjiacyeTCH c (73). Otmcthm, hto 
(paKTopH3an;HH (80)— (83) hbjihiotch hobmmh no cpaBHCHHio c cpaKTopn- 

3an,HSMH, npHBCfleHHblMH B [34]. 

PaccMOTpHM CBa3b Mempy onepaTopaMH BymMaHa-Bp^efiH h cnjie- 
TaK>m,HMH onepaTopaMH CoHima-IIyaccoHa-^ejibcapTa (CTLJX)- Mm 
npe/i,noHTeM paib HOBbie onpeflejieHHH pjisi mix, hto6hi coxparoiTB o,n,- 
HOo6pa3ne o6o3HaHGHHH b 3tom nyHKTe. 

OnPEflEJTEHHE 10. BBe^eM onepaTopbi npeo6pa30BaHHH CoHHHa- 
IlyaccoHa-flejibcapTa no cpopiviyjiaM 



3to onpeflejieHne b coneTaHHH c (78)-(79) npnBO/piT k cjie^yion^HM hh- 
TerpajibHbiM npeflCTaBjieHHHM: 




(84) 



(85) 



(86) 



(87) 



X 








X 








X 








X 
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+2 00 

oPHf = r( 2 ^ 1} .^ +1 1 (t 2 - x 2 )-»-Hf(t) dt, Rev< -1, 

x 2 )- v -Hf{t)dt, Rev < 0; 



x 2 yr v f(t)dt, Rev> -1, 



OO 

= — -i (-1^ f(t 2 -x 2 y+H-»f(t)dt, Rev>-2. 

3th onepaTopti hbjihiotch cnjieTaioiHHMH rana Comma hjih Ilyacco- 
Ha. Ecjih nocTpoHTb HOBbie Oil ^jia onepaTopa yrjiOBoro MOMeHTa (cm. 
BHine), to nojiyHHM onepaTopti THna CoHHHa 

ecjiH i?e 1/ < —1/2, a ccjih Rev < 1/2, to 

1 21 

- S„/ = Jt^a^ J ^ t 2 )—h 2 » +1 f(t) dt (88) 
2 

AHajiorHHHO nojiynHM onepaTop THna IlyaccoHa BH,n,a 

X 



npn ycjiOBHH Re v > —1/2. 

OnepaTop Beccejra hbjihctch pa/niajitHoii nacTbio jianjiacnaHa b R". 
OnepaTopbi npeo6pa30BaHHH, cnjieTaiomHe L v h BTopyio nporoBomTyio, 




60 



Sitnik S. M. 



CBOflHTCH k onepaTopaM 3p,n,eHH-Ko6epa, to ecTt k ,i];po6hijIm npoii3- 
BO^HbiM no i 2 . B npocTpancTBax 6ojiee cjiojkhoh neM ^jih R™ reoMeT- 
piiH TaKJKe cym,ecTByiOT noflo6Hbie onepaTopti npeo6pa30BaHHH. Ohh 
hbjihiotch, HanpHMep, OTpnn,aTGjibHbiMn CTeneHSMH onepaTopa d/d chx 
hjih onepaTopa d/dcosx. IIo^,o6HMe onepaTopti H3yHajiHCb b pa6oTax 
B.5L ilpocjiaBiieBOH [34], B.B. KaTpaxoBa h ero y hchhkob . 

OTMeTHM, HTO H3 TeOpeMBI 14 BBIBOJIHTCH h (popMyjibi (64)-(65). 

nepeiifleM Tenept k H3yHeHHK> onepaTopoB (60)-(63). Otmcthm, hto 
ecjiH cpyHKinia f(x) ,u;onycKaeT jxHcpcpepeHirnpoBaHHe no,n, 3HaKOM iiHTe- 
rpajia hjih HHTerpnpoBaHHe no nacTHM, to onepaTopbi (60)-(63) npiiHii- 
MaiOT bhjj, 



x 

!S V = f{x) + J JL P ^)f(y)dy, (90) 



x 

iPoV = f{x) J ^-P v i V -)fiy)dy, (91) 



OO 

iPlf = f(x) + J ^P u i V -)fiy)dy, (92) 

X 
OO 

iSlf = f{x)-J ^-P v i X -)fiy)dy. (93) 



IlpH 3TOM JIJIH CnpaBeflJIHBOCTH (91) H (92) COOTBeTCTBeHHO flOnOJIHH- 
TejIBHO Heo6xO,U;HMBI yCJIOBHH 



lim P v {0)f(x) = 0, lim P v {x)f{x) = 0. 

B flonojiHeHne k TeopeMe 13 mojkho ,n,OKa3aTi>, hto npn onpe/jejieH- 
hmx ycjiOBHHx Ha cpyHKHHH onepaTopbi (60)-(63) hbjijhotch onepaTO- 
paMH npeo6pa30BaHHa. Ohh cnjieTaiOT onepaTop yrjiOBoro momchth h 
BTopyio npoHSBOflHyio. H3 TeopeMbi 14 BbiTexaiOT cjie/ryioiHHe (paKTopn- 
3an,HH fljia: onepaTopoB ByiHMaHa-BpfleiiH HyjieBoro nopa/nta rjiajxKOCTH 
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(97) 



(95) 



(94) 



(96) 



Tenepb paccMOTpiiM 6ojiee no/i,po6HO CBOiicTBa Oil ByniMaHa- 
3p,n;eHH HyjieBoro nopa/pca raaflKOCTH, BBefleHHtix no cpopMyjiaM (60). 
IIo^,o6HbiH onepaTop 6mji nocTpoeH B. B. KaTpaxoBbiM [233-234] ny- 
TCM flOMHO>K6HH3 CTaHflapTHoro On CoHHHa Ha o6bihhbih ,u;po6HbiH HH- 
Terpaji c nejibio B3aiiMHO KOMneHcnpoBaTb rjia^KOCTb sthx AByx one- 
paTopoB h nojiyniiTb HOBbin, KOTopbift 6bi fleiicTBOBaji b o,hhom npo- 
CTpaHCTBe THna £2(0, 00). KaK BnocjieflCTBHH OKa3ajiocb, sto mojkho 

CflejiaTb H3BCCTHBIMH CpeflCTBaMH, TaK KaK Oil CoHHHa — 3TO HaCTHblfi 

cjiynaii onepaTopoB 3p,n,eHH-Ko6epa. CymecTByeT saMe^aTejibHaji Teo- 
peMa A. BpfleiiH, no3BOjiflioinafl BbmejiHTb CTaHflapTHbiii ,ii;po6HbiH hh- 
Terpaji PiiMaHa-JlHyBHjijiH H3 ,n,po6Horo HHTerpajia no jik>6oh cpyHKniin 
[34]. B pe3yjibTaTe nojiynaeTCH 

TeopeMa 15. PaccMOTpuM onepamp /ipo6Horo iiHTerpofliiqbcpepeH- 
iiiipoBaHiisi 9p/ieHH-Ko6epa no (pyHKiimi g{x) = x 2 



npu 3Ha^ieHHax Re a > 0. Tor^a npn < Re a < 1 cnpaBepjmBO npe/r- 
CTaBjieaiie 



X 









(98) 




o6bmHbiii ffpo6Hbm HHrerpaji PiiMaHa-JIiiyBiijijisi. 
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OnepaTopbi nyjieBoro nopaflKa rjia^KOCTH BtmejiHiOTCH TeM, hto 

TOJHjKO flJlH HHX MOJKHO ^OKaSaTb OH,6HKH B odnOM IipOCTpaHCTBC TH- 

na L p (0, oo). Ilpn stom, ynHTbiBaa CTpyKTypy sthx onepaTopoB, yn,o6HO 
nojib30BaTBCH TexHHKOH npeo6pa30BaHHH MejijiHHa. 

HanoMHHM [235], hto npeo6pa30BaHHeM MejijiHHa (pyHKnnn f(x) Ha- 
3BiBaeTCH (pyHKu,HH g(s), KOTopaa onpeflejiaeTca no (popMyjie 

g(s) = M[f](s) = (°° x s - 1 f{x)dx. (99) 
Jo 

OnpeflejiHM Taitsce CBepTKy Mejijiima 

(/i*/ 2 )(z) = r h(-)h(y)^-, (ioo) 

Jo \VJ V 
npn 3tom onepaTop cbSptkh c impoM K fleftcTByeT b o6pa3ax npeo6pa- 
30BaHHa MejijiHHa kbr yMHOJKeHHe Ha MyjibTnnjinKaTop 

M[Af](s) = [°° K ( -) f(y) ^ = M[K * f](s) = m A (s)M[f](s), (101) 

Jo \yj v 

m A {s) = M[K](s). 

3aMeTHM, hto npeo6pa30BaHiie MejijiHHa aBjiaeTca o6o6m,eHHbiM 
npeo6pa30BaHneM Oypte Ha nojiyocn no Mepe Xaapa [191]. Ero pojib 
BejiHKa b TeopHH cneniiajibHbix (pyHKniiii, HanpHMep, raMMa-cpyHKHHH 
HBjiaeTCH npeo6pa30BaHHeM MejijiHHa SKcnoHeHTbi. C npeo6pa30BaHHeM 
MejijiHHa CBH3aH BajKHbiii npoptiB b 1970-x ro,a;ax, Kor,n,a b ochobhom 
ycHjiHSMH O. Ii. MapnneBa 6bijia nojmocTbio /i,OKa3aHa h npncnoco6- 
jiena ^jih HyjKfl BbrancjieHHH HHTerpajiOB H3BecTHaa Teopeivia ^>KoaH 
JIioch Cjieifcrep, no3BOjijnoiHaa p/in 6anbiHHHCTBa o6pa30B npeo6pa30- 
BaHHH MejijiHHa BOCCTaHOBHTb opiiriiHaji b hbhom bh e no npocTOMy 
ajiropnTMy nepe3 rnnepreoMeTpnnecKne cpyHKHHH [235-236]. 3tot pe- 
3yjibTaT, KOTopbiii HecjiojKHO nojiynnTb (popiviajibHO no o6m,en (popMyjie 
o6pam,eHHH MejijiHHa-BapHca nepe3 BbineTbi, ,h,jih CBoero CTpororo o6oc- 
HOBaHHH noTpe6oBaji floCTaTOHHO cjiojkhbix h TinaTejibHbix BbiKjiaflOK, 
CBa3aHHbix c o6pa6oTKOH cIChmiitothk rnnepreoMeTpnnecKnx cpyHKHHH 
b6jih3h nojnocoB n Ha 6ecKOHenHOCTH, a Taxne cLCiimiitothkh BecbMa 
pa3noo6pa3Hbi n pa3Hopo,n;Hbi. 3ia pa6oTa 6bijia tojibko HanaTa JIioch 
JJ,jKoaH CjieiiTep, a b ochobhom npoBefleHa flo KOHna OjieroM HropeBn- 
neM Mapn^eBbiM, flaHHoe o6ct htcjibctbo nacTO HC/jooncHHBacTCH. Teo- 
peMa CjieHTep-MapnneBa no3BOjinjia co3,naTb yHHBepcajibHbiii moihhmh 
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MeTO,zi, BHHiicjieHHH HHTerpajiOB, KOTopbift BnocjieflCTBHH no3BOjiHji pe- 
niHTb MHorne 3a,a,aHH b Teopnn ypaBHeHnn c nacTHbiMH npoH3BO,n,HbiMH, 
a TaKJKe BonjiOTHjica b nepeflOBtie TexHOjrornn CHMBOjibHoro HHTerpnpo- 
BaHiiH naxeTa MATHEMATICA (O. H. MapnneB pa6oTaeT b Wolfram 
Research). 

MejijiHH Hcnojib30Baji BBeflenHoe hm npeo6pa30BaHHe pjm nojiyne- 
hiih cpopMyjibi b BHfle npocToro hbhoto pHfla pjisi perneHHH ajireGpanne- 
CKoro ypaBHeHHH npoH3BOjibHOH CTeneHH. 3th cbopMyjibi MejijiHHa pp 
chx nop ocTaiOTca npaKTHnecKn Hen3BecTHbiMn 6ojibHiHHCTBy MaTeMa- 
thkob, 3anyraHHMx b stom Bonpoce cnennajincTaMn no cxojiacTHnecKon 
ajire6pe h Teopnn rpynn. BMecTe c TeM MeTOflbi perneHHH ypaBHeHHii 
npoH3BOjn>HOH CTeneHH Ha ocHOBe (popMyjibi JlarpaHHca ^jih pa3jiOH<e- 
hhh o6paTHOfi cpyHKn,HH b pafl h Teopnn rnnepreoMeTpHHecKHx cpyHKnriH 
6mjth H3BecTHbi eme b 19 Beice. OopMyjibi o6pa bhhh npeo6pa30BaHHH 
MejMHHa pjin ochobhmx cnenriajibHbix (py hkithh , KOTopbie mm Tenepb 
Ha3biBaeM HHTerpajiaMH MejijiHHa-BapHca, 6bijiH nojiyneHbi b 1888 ro/ry 
HTajibHHCKHM MaTeMaTHKOM CajibBaTope IlHHKepjie. Cym,ecTByeT h TaK- 
»ce npaKTHnecKH Hen3BecTHan Teopnn BernecTBeHHoro o6pam,eHHH npe- 
o6pa30BaHHii Jlanjiaca h MejijiHHa 6e3 Bbixo^a b KOMnjieKCHyro njroc- 
KOCTb h 6e3 Hcnojib30BaHHH cpopiviyji c nporaBO/rHbiMH Bee 6ojiee bbico- 
khx nopnflKOB, ho mm He 6yfleM Ha stom ocTaHaBjiHBaTbCH. 

^o6aBHM, hto nepBbifi H3 cphhckhx MaTeMaTHKOB X'bHjiMap Mejr- 

JTHH 6bIJI HHTepeCHOH JIHHHOCTbK) . Ilo CBOHM y6ejK,H;eHHHM OH 6bIJI HpbIM 
aHTH-HIBeflCKHM HanHOHajlHCTOM. fljIH TaKOH n03HnHH 6bIJIO /JOCTaTOH- 

ho ocHOBaHHft b to BpeMH, HanpHMep, b KOHH,e 19 BeKa Bee npocpeccop- 
CKne Ka(pe,u;pbi b ©hhjihhahh 3aHHMajiH HiBe^,bi, h MejrjrHH 6biji nepBbiM, 
KaK mm Tenepb roBopnM, jinnpM cdhhckoh HainroHajibnocTH, CTaBHiHM Ha 
CBoeii poflHHe npocpeccopoM. 

JIjir H3yneHHH onepaTopoB Bn/ia (101) aBTopoM b [226-227] 6biji 
npefljiojKeH yzi;o6HbiH ajireGpannecKHn no^,xo^,, KOTopbift He co^epjKHT 
HHnero HOBoro, ho b yii;o6HOH cpopMe no3BOjiHeT 6biCTpo nojiynaTb 
HyjKHbie oneHKH. Ilojie3Hbie cpaKTbi 6yzryT co6paHbi BMecTe KaK 

TeopeMa 16. IJycTb onepamp A pencTByex no (popuyjie (101). To- 

r/ia 

a) JXjir Toro, hto6bi oh ponycuan pacmnpenne pp orpannnennoro one- 
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pampa b £2(0,00) Heo6xo r a,aMO 11 /^octcltohho, hto6m 



sup \m,A(i€ + ~)| = M 2 < 00 



(102) 



npn 3tom ||^4||l 2 = -^2- 

6) fl/is roro, hto6m oh ppnycKan pacnimpeHiie orpamneHHoro one- 
pampa b L p (0, 00), p > 1 npii ppnojiHHTejibHOM ycjiOBim seoTpimaTejib- 
hoctii sijipa K Heo6xofliiMO a ^ocTaTO^HO, x ito6bi 



npn 3tom \\A\\ Lp = M p . 

b ) 06paTHbiH oneparop A~ 1 fleitcTByeT TaK>Ke no (popuyjie (101) c myjib- 
TiinjiiiKaTopoM , pjisi roro, hto6bi oh flonycuaji pacmnpenne j\o orpa- 
HH^ieHHoro onepampa b £2(0, 00) neo6xojniMO n ^ocTaTOHHO, x ito6bi 



npn 3tom \\A 1 \\ L2 = 

r) IlycTb onepampbi A, A^ 1 onpe^ejienbi h orpaHnnenbi b £2(0, 00) . Ohh 
ynwrapHbi mr^a h TOJibKO Tor^a, Kor^a BbinojineHO paBencTBO 



Pflsi hohth Bcex £. 

IIocjieflHHa: TeopeMa cyMMnpyeT pe3yjibTaTbi MHornx Mcltcmclthkob : 
Illypa, Xap^,H, JlnTTBynb/ja, noiia, Ko6epa, Miixjiima h XepMaH^epa. 

Mh6 HGH3BGCTHO, MOJKHO JIH B CpOpMyjIHpOBKe nyHKTa 6) OnyCTHTB Tpe- 

6oBaHne HeoTpHu;aTejibHOCTH flflpa, xoth b miCBMe C. T. CaMKO coo6miui 
MHe, hto mojkho. IIpH 3TOM oh yTBepjK,u;aji, hto 3to cjie,n,yeT H3 pe3yjib- 
TaTOB o/htoh CTaTbH M. r. Kpeiom, nero a npoBepnTb He cmor Hepa30- 
6paHHbiM ocTaeTCH h ,zniana30H < p < 1, xoth b o6meM cjiynae TyT 
ohchok HeT, Ha hto 6bijio MHe yKa3aHO B. H. BypeHKOBtiM Ha npHMe- 
pe onepaTopoB Xap,u;H. IlepBtiM MaTeMaTHKOM, HcnojiB30BaBHiHM tcxhh- 
Ky npeo6pa30BaHHa MejijiHHa pjin ou,6hkh hopm onepaTopoB PnMaHa- 
JlnyBHjijia: fljia cjiynaa: hhcto mhhmbix CTeneHeit, 6biji, HacKOjibKO MHe 



sup \mA{i£, + -)| = M p < oo, 

?GR P 



(103) 



inf \m A (i^ + -)| = m 2 < oo 



(104) 




(105) 
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H3BGCTHO, Ko6ep [237]. ITosTOMy HHOiyja nacTb 6) npHBe^eHHOft Teope- 
mi>i Ha3biBaeTCH jieMMOii Ko6epa, hto He coBceM tohho, Tax KaK oh Ha 
caMOM flejie ,n,OKa3aji cpopMyjiy fljia HopMbi H3 nacTH a) ajih cjiynaa 3Ha- 
KonepeMeHHbix cpyHKinift. 



Otmcthm, hto h3 TeopeMbi 16 mojkho cpa3y bbibccth cnMnaTHHHyio 
nepecpopMyjinpoBKy 3HaMGHHTOH rHnoTe3bi PnMaHa, KOTopaa OKa3bma- 
eTCH SKBHBajieHTHOii o6paTHMOCTH bo Bcex Lp KpoMe p — 2 HHTerpajib- 
hmx onepaTopoB cbSptkh c ,n,3eTa-(pyHKnHeft PniviaHa b KanecTBe Myjib- 

THnjIHKaTOpa. BblJIO 6bl HHTCpeCHblM nOCTpOHTb 3TOT OnepaTOp CBepTKH 

b opnrHHajiax (npoo6pa3ax) b sbhom BH^e. IIo-BH,zniMOMy, stot cpaKT 
paHee He OTMenajica, oh npnaTeH, ho KaK h tmchhh no,n,o6Hbix nepeepop- 
MyjinpoBOK coBepnieHHO 6ecnojie3eH b njiaHe xoTb KaKoro-TO npn6jiHJKe- 

HHH K /I,OKa3aTejIbCTBy 3HaMeHHTOH rnnoTe bl. 



Bojiee cjia6biM, neivi rnnoTe3a PniviaHa, ho TaKsce pp chx nop Heflo- 
Ka3aHHbiM yTBepjKfleHHeM aBjiaeTca rnnoTe3a JlnHflejiecpa, 3aKjnoHaio- 
maaca b tom, hto Ha KpHTHnecKoft npaMoft fl3eTa-cpyHKinia pacTeT Me,a,- 
jiCHHee jik)6oh CTencHH. Ilpn HecjieflOBaHHH rnnoTe3bi ilnH^ejiecpa cyme- 
CTBGHHyio pojib nrpaiOT TaK Ha3biBaeMbie cpopMyjibi cne,n,a Cejib6epra- 
Ky3Hen,OBa [377], a TaK»ce /nicpcpepeHnnajibHbie ypaBHeHna c onepaTO- 
poM Beccejia h pa3JiojKeHHa b pa,u;bi oco6oro Bn^a no cpyHKiniaM Bec- 
cejia. riosTOMy He HCKjiio^ieHO, hto Oil MoryT Haft™ cboh npnjiojKCHna 
b noxojKHx 3aflanax, Kor,n,a-TO flaBHO aBTop o6cysc,n,a,ji Ta Kyio bo3mojk- 
HOCTb c H.B. Ky3Hen,OBbiM (nji.-Kopp. PAH HnKOjiaft BacnjibeBHH Ky3- 
Hen,OB CKOHHajica b 2010 r., BenHaa eMy naMaTb). 



Teopeivra 17. Onepamphi ByniMaHa-9p/reitH uyjieBoro nopnpjia 
ma^KOCTH ^eitcTByiOT no npaBHjiy (101). fljis. hx MyjibTHiuiHKaTopoB 
cnpaBe^jniBbi cpopmyjibi: 
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r(-j+j + i)r(-f-f + i) 

= r( i_ f)r(1 _ f) =; ( 106 ) 



r(-f-f + i)r(-§ + § + 



i?e s < min(2 + i?e f, 1 — -Re ; 



r(i - s ) 



r(* + ^ + i)r(^ - ^) 

m lP ,(s) = V2 | ' V | 2; ,fleg > max(ifei/,-l - Jtei/);(108) 

"■"-(•) - rd + l + wj-fl - 11 "* (109) 

KpoMe mro, BbinojiHaiOTCa cjiepyjomjie cooTHOuieaiisi fljia MyjibTii- 
njiHKaropoB: 

m iP^ + ( s ) = 1 / m iS- + (s), m lP! >(s) = l/m lS "_{s) (110) 
m lP -(s)=m 1 sj + (l-s), m lP - + (s) = m lS -(l - s) (111) 

TeopeMa 18. CnpaBepjmBbi cjiepyiomjie cpopuyjibi pjm nopM one- 
pampoB ByniMa,Ha-9pfleHH HyjieBoro nopxp,Ka rjiafltcocTH b Li: 



lli^o+ll = !li p -ll = l/min(l,Vl-sin^), (112) 
hP^W = HiS^H =max(l,Vl-sin7ri/). (113) 

CjieflCTBHe 1. HopMbi onepaTopoB (60) - (63) nepno/pinHbi no i/ c 
nepnoflOM 2, to ecTb \\x u \\ = \\x u+ \\, r^e x v — jno6oit H3 onepaTopoB 
(60) -(63).' 

CjieflCTBne 2. HopMbi onepaTopoB iSq + , \P^_ He orpamiHeHM b cobo- 
KynHOCTH no v, KajK^aH H3 sthx HopM He MeHbine 1. Ecjih svctixv ^ 0, to 
9th HopMbi paBHM 1. YKasaHHbie onepaTopbi HeorpaHnneHbi b Li Toiyja 
h TOjibKO TOiyja, Kor^a sin7rf = 1 (hjih v = 2k + 1/2, k e Z). 

CjieflCTBne 3. HopMbi onepaTopoB \Pq + . iS^_ orpaHnnenbi b coBOKyn- 
hocth no v 1 KajKflaa H3 sthx hopm He Gojibine y/2. Bee sth onepaTopbi 
orpaHnneHbi b L2 npn Bcex v. Ecjih sin7w ^ 0, to ix L2 - HopMa paBHa 
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1. MaKCHMajibHoe 3HaH6Hiie hopmbi, paBHoe \/2, floCTHraeTCH Toryja h 
tojibko Tor^a, Kor^a smirv = — 1 (hjih v = — 1/2 + 2fc, k G Z). 

BajKHCHinHM cbohctbom onepaTopoB ByniMaHa-BpfleiiH HyjieBoro 
nopaflKa rjia^KOCTH hbjihctch hx yHHTapHOCTb npn irejibix v. Otmcthm, 
hto npn HHTepnpeTan,HH L v KaK onepaTopa yrjiOBoro MOMCHTa b KBaH- 
toboh MexaHHKe, napaMeTp v KaK pa3 h npHHHMaeT irejibie HeoTpniia- 
TejibHbie 3HaHeHHa. 

TeopeMa 19. /Tua yunxapnocTii b L 2 onepampoB (60) - (63) neo6- 
xoffHMO 11 roct&tohho, x ito6bi hiicjio v 6bijio i^ejibiM. B 9tom cjiyn&e 
napbi onepampoB (iSq + , \P") h (iSH, i-Pq + ) b3cliimho o6parHbi. 

Uepeji (popMyjiHpoBKOii ^acTHoro cjiynaa KaK cjieflCTBiia npe/niojio- 
jkhm, hto onepaTopbi (60) - (63) 3a,a,aHbi Ha TaKiix cpyHKHiinx f(x), hto 
cnpaBe,n;jiHBbi npeflCTaBjiemia (90)-(93) (fljia 3Toro floCTaTOHHO npe/nio- 
jiojkhtb, hto xf(x) — > npn x — » 0). Toiyja npH v = 1 

iPoV = (J - Hi)/, iSi/ = (/ - H 2 )f, (114) 

ryje i/ 2 - onepaTopbi Xap/pi (cm., HanpHMep, [261-262]) 

X oo 

HJ = - ff(y)dy, H 2 f = f f Mdy, (115) 
x J J y 

x 

I — eflHHH^iHbifl: onepaTop. 

CjieflCTBne 4. OnepaTopbi (114) hbjijhotch yHHTapHbiMH B3aiiMHO 06- 
paTHbiMH b L 2 onepaTopaMH. Ohh cnjieTaiOT ,n,H(p(pepeHHiiajibHbie bbi- 
paaceHHH d 2 /dx 2 h d 2 /dx 2 - 2/x 2 . 

Kpoivie Toro, mojkho noKa3aTb, hto onepaTopbi (114) hbjihiotch npe- 
o6pa30BaHHSMH Ksjih ot CHMMeTpiiHHbix onepaTopoB ±2i(xf(x)) npn 
cooTBeTCTByiomeM Bbi6ope o6jiacTeH onpeflejieHHH. 

B yHHTapHOM cjiynae onepaTopbi ByniMaHa-3pfleHii HyjieBoro no- 
pa^Ka raa^KOCTH o6pa3yiOT napy 6HopToroHajibHbix npeo6pa30BaHHH 
BaTCOHa, a hx a^pa o6pa3yiOT napbi hcchmmctphhhbix sflep Oypbe 
[207]. OrpaHHHeHHOCTb onepaTopoB c no,n,o6HbiMH MyjibTHnjiHK&Top&MH 
H3ynajiacb eine Jlecjin <1>okcom. 

OTMeTHM Ba>KHOCTb H3yH6HHH yHHTapHOCTii flJIH TeOpHH HHTerpajIb- 

Hbix ypaBHGHHH. B 9tom cjiynae o6paTHbiii onepaTop Heo6xo,n,HMO HCKaTb 
b BHfle HHTerpajia c flpyrHMH, neM y HCxo,n;Horo, npe^,ejiaMH HHTerpnpo- 

BaHHH. 
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PaccMOTpHM cjiynaft v = ia — 5, a£K, CBH3aHHBiii c npeo6pa30Ba- 
HiiCM Mejiepa-OoKa. 

TeopeMa 20. IlycTb v — ia — |, a e K. Torpa onepampbi (60) - 
(63) orpannneHbi b L 2 npn Bcex t&khx v. fljin nx nopm cnpaBepjmBbi 
(popMyjibi 

II C iQ_ 2|| || p ia ~"J| _ 1 

||i<->o+ I — lli^- II — 1 
Tenepb paccMOTpHM BecoBbie npocTpaHCTBa JIe6era c hopmoh 

00 

\\f\\l 2k = J \f(x)fx 2k+1 dx, tel. 


Ilpn k = — 1/2 nojiynaeM o6biHHoe HeBecoBoe npocTpaHCTBO L 2 . B CHjiy 
Toro, hto orpaHHHeHHOCTb onepaTopa A, /jeiicTByiomero H3 L 2t k b L 2 _ fc, 
SKBHBajieHTHa orpaHHHGHHOCTH onepaTopa i? = x fe+ 2 y4a:~( fe + 2 ' b HeBe- 
cobbix npocTpaHCTBax L 2 , Bee yTBepjKfleHiia jicmmm 3.3 coxpairaiOTCH h 
^jis BecoBoro cny^aa c 3aMeHoft bcjikhkhbi + 5 Ha + & + 1- 

TeopeMa 21. a J Onepamp \S"_ neorpannnen b L 2 ,k npn ycjiOBmi 
k = —n, n £ N. 

6) Onepamp iPq + neorpannnen b L 2 _k npn ycjiOBmi k = n, n € N. 

bJ Onepamp \P" neorpannneH b L2. k npn ycjiOBnn k+u = —1m\ — 1, 
mi € N hjih k~ v = — 2m 2 — 1, m 2 G N . 

r) Onepamp iSq, neorpannnen b L 2 ,k npn ycjiOBHH k + v = m, 
m e No hjih k — v = n, n e N. 

p) YlpH Bcex ocrajibHbix 'snanennsix v, k £ R stit onepampbi orpa- 

HHHeHbl B L,2,k- 

IloKa>KeM, hto cbohctbo yHHTapHOCTH onepaTopoB ByniMaHa- 
3p,n;eHH HyjieBoro nopaflKa rjiaflKOCTH npncyme jiiiiiib cjiynaio k = —1/2 
HeBecoBbix npocTpaHCTB L 2 . 

TeopeMa 22. PaccMOTpHM onepampbi iSl_ h \ S_ 1//2 . Ecjih onepamp 
\Sh ynmapen b L 2 ^, to k = —1/2. Ecjih npn k > — 1 onepamp iSZ 1 ^ 2 
ynnrapcH b L 2 ,k, to TaKxe k — —1/2. 

0Ka3biBaeTca, hto OTcyTCTBiie yHHTapHOCTii b bccobom cjiynae mok- 
ho flOKa3biBaTb Bcex v H3 HHTepBajia (—1, 0). Ha KOHi^ax SToro hh- 
TepBajia Bee paccMaTpiiBaeMbie onepaTopbi yHHTapHbi, Tax KaK npeBpa- 
m,aiOTCH b TOJK,n,ecTBeHHbie. 
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TeopeMa 23. Onepamp iS^_ ne smjisiemsi n3omeTpnen b L2, fe, earn 
BhinojiHeHO xoth 6m op,HO H3 cjiepyionnix ycjiOBiiii: 

a) -1 < v < 0, k > -1; 

6) v — KOMiuieKCHoe nncjio, k > — 1, hhcjio z = v(v+l)/ (k+l)(k+2) 
jieyKwi b Kpyre c LrenrpoM b tohkg zo = 1 epjinnnnoro pa^nyca; 

b) v > 0, 2m < v < 2m + (\/7 - l)/2, m e N , fc > -§. 
npeflbiflymaa TeopeMa ocTaBjiaeT "3a3op" b 3HaHennfl:x napaMeTpa 

flJIH KOTOpblX OTCyTCTBIie H30MeTpHHHOCTH noKa He yCTaHOB JieHO . 

TeopeMa 24. TlycTb k > — 1, v ^ 0, v ^ — 1. Tor^a 113 ynnTapno- 
cth b Jiio6oro 113 onepaTopoB ByniMaHa-9p/reitn HyjieBoro nopsijxKa 
rjiaflKOCTH cnepyeT, hto k = —1/2, v — nejioe hhcjio. 

IlepcHfleM k Bonpocy o cneKTpe paccMaTpnBaeMbix HaMii onepaTO- 

pOB. ilCHO, HTO 3TOT CneKTp MOJKCT 6bITb TOJIbKO HenpepbiBHbiM. H3 

TeopeMbi 17 cjie^yeT, hto b Li cneKTp coBnaflaeT c 3aMBiKaHneM o6pa3a 
npHMOii Res = 1/2 npii OToGpajKennn m(s). KpHByio, onnctiBaioinyio 
cneKTp b njiocKOCTH cneKTpajibHoro napaMeTpa, 6yn,eM 3a,a,aBaTb cpyHK- 
niien W(z). PaccMOTpnM onepaTopbi (114) npn v = 1, CBjraaHHbie c 
onepaTopaMH Xapzni (115). 

TeopeMa 25. PaccMorpiiM onepamp 



Torga ecjiH, k 7^ 0, to a) onepamp iSl orpannnen b L2. k, 11 ero nopua 
paBHa 



TOHKy z — 1. Ee rrenrp jieynwr Ha BemfiCTBennon ocn b toto wq, papnyc 
paBen p, rfle 



oo 



1 S 1 _f=(I-H 2 )f = f(x)- f Mdy. 



X 




6) cneKTp oneparopa iS_ b L 2 ,k gctb OKpyyKHOCTb , npoxo/ixniax nepe3 




' P= 2k 



1 



(117) 



b) b cjiynae k = onepamp neorpannnen b L2, fe, a ero cneKTp ecrb 
npsiMasi Re w = 1 . 
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TeopeMa 26. PaccMOTpiiM onepamp 

X 

iPoV/ = (/ - Hi)/ = /(*) - lj f(y) dy. 

o 

Tor^a ecuii, k ^ — 1, to 

a) onepamp ipi orpannnen b L2, k, h ero nopma pamia 

iii<ik 2 . fe = {| fe +ii JJ - !: (us) 

ll~jrl K ^ 2' 

6j cneKTp oneparopa iPq + b L2, fe ecTb OKpyxnocTb, npoxojrsnnaa nepe3 
TOHKy z = 1. _Ee i^enrp jiexHT na BenipcTBennon ocn b Tonne wq, papnyc 
paBen p, rfle 

b) b cjiynae k = — 1 onepamp neorpannnen b L2, fe, a ero cneurp ecrb 
npsiMaa Re w = 1 . 

,3,ajiee nepeniicnHM HeKOToptie o6mHe CBOiicTBa onepaTopoB, koto- 
pbie fleiicTByiOT no npaBHjiy (101) KaK yMHOJKCHiie Ha HeKOTopbift Mynt- 
TnnjiHKaTop b o6pa3ax npeo6pa30BaHHH MejijiHHa 11 o,ii;HOBpeMeHHO hb- 
jihbdtch cnjieTaiomHMH fljia BTopofl npoH3BO,n;HOH h onepaTopa yraoBoro 
MOMeHTa. 

TeopeMa 27. IlycTh onepamp S v p/s&crByer no cpopmyjiaM (101) n 
(75). Tor A a 

a ) ero MyjibmnjinKamp yflOBjieTBopxer aJjynKn^noHajibnoMy ypaBHe- 
nmo 

m(s)=m(s-2)- / 1~^~ 2 ) \> (120) 

1 1 V ' (*-l)(s-2)-i/(i/ + l)' V ; 

6) ecjnr qpynKuiifi p(s) nepnojrnnna c nepnoflOM 2 (to ecTb p(s) = 
p(s — 2)), to cpynKunsi p(s)m(s) RBjiaemsi MyjibTnnjinKampoM hoboto 
oneparopa npeo6pa30BannH S%, onarb xe cnjieraion^ero L v n Bmpym 
npon3BOjinyK) no npaBnjiy (75). 

IIocjieflHHa: TeopeMa eme pas noKa3biBaeT, HacKOJitKO yn,o6HO H3yne- 
Hne Oil b TepMHHax MyjibTiinjiiiKaTopoB npeo6pa30BaHHa MejijiHHa. 
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Onpe^ejiHM npeo6pa30Bainie CrajiTbeca (cm., HanpnMep, [34]) no 
(popMyjie 



3tot onepaTop HMeeT bha (101) c MyjibTHnjiHKaTopoM p(s) = Tr/sin(irs) 
h orpaHHHGH b Li. OHeBHflHO, hto p(s) = p(s — 2). IlosTOMy H3 TeopeMbi 
27 cjie/i,yeT, hto komiio3hhhh npeo6pa30BaHHH CTHjiTbeca c orpaHHneH- 
HbiMH cnjieTaiomHMH onepaTopaMH (60)-(63) CHOBa HBjiaeTCH onepaTO- 
poM npeo6pa30BaHneM Toro »ce Tana, orpaHHHCHHbiM b Li- 
OTMeTHM, hto H3 npeflbmymero hsjiojkchhh cjie^yeT, hto 

||S|| Lp = |V^|, P>1. 

C flpyroft CTopoHbi, 

\\S\\ L2tk = iTr/sinTTfej, fc^Z. 

AHajioriiHHO nojiynaiOTCH oneHKH b BecoBbix npocTpaHCTBax L p . k p > 0. 
PaccMOTpHM Tenepb onepaTop H" Bii^a (101) c MyjibTimjiHKaTopoM 



/sin 7rs — sin 7ri/ . „ , 

ms =\/ : 121 

V sin 7rs 

H3 TeopeMbi 17 nojiynaeM, hto Ha npHMOii Res — ^ BejinnnHa m(s) 
o6paTHa BejiHHHHe (121). Tor^a H3 TeopeMbi 18 cjieflyeT, hto 

\\H"\\l 2 = ||iPo+IU a = IliS-lk- (122) 

IIosTOMy fljia onepaTopa ff" cnpaBefljiHBO cjieflCTBne 3 TeopeMbi 18. B 
nacTHOCTii H v orpaHH^eH b L2 npii Bcex v. 

Otmcthm, hto cpopMajibHO 3TOT onepaTop CBH3aH c npeo6pa30BaHH- 
eM CTHjiTbeca (popMyjioft 

iF = (l-™S)i (123) 

7T 

OflHOBpeMeHHO c H v BBe/jeM onepaTop 2)" c MyjibTiinjniKaTopoM 



sm7rs 



sin ns — sin 7w 
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OTCio/ja nojiynaeM, hto 

ll®"!!^ = II 1^0+ II i 2 = ||i-P-||l 2 - (i 24 ) 

h KpoMe Toro, onepaTop orpaioiHeH npn sin7w ^ 1. 
TeopeMa 28. PaccMorpHM KOMno3im;mi oneparopoB 

3 SZ + = !S V 0+ H V , 3 S1 = V\S V _, (125) 
3 Pfa = V\PX+, 3 P V _ = rP v _H v . (126) 

Torfla oneparopbi 3 Sq + , 3 S"_ hbjixiotcx hobmmh onepaTopamn npe- 
o6pa30BaHiia Trnia Comma, a 3 Pq + , 3 P" — Tima Ylyaccona. Bee stii 
onepaTopbi ynwrapmi b L 2 . KpoMe roro, ecjm sin7w ^ 1, to komiio3m- 
mm (125) - (126) moxho BbmiicjisiTb b jiio6om nopsi^Ke. 

Husce 6yj\eT nojiyneHO HBHoe HHTerpajibHoe npeflCTaBjieHiie onepa- 
TopoB npeo6pa30BaHHH, cnjieTaromiix L v h d 2 /dx 2 , KOToptie jibamwiticm 
ynumapHUMU npu ecex i/£K. 

IfeyniiM Bonpoc o B3aHMOCBH3H pa3HOCTopoHHHx onepaTopoB 
ByniMaHa-3pfleitH. HojiyHeHHbie cpopMyjiti anajiorHnHbi TeM, KOToptie 
CBa3biBaiOT jieBO- ii npaBOCTopoHHne ,u;po6Hbie HHTerpajibi PiiMaHa- 
JliiyBiijijis: (cm. [34], c. 163-171). C stoh h^jibio BBe,n,eM onepaTop 

Cf = f {x ) - S -^Sf, (127) 

iyi,e S — npeo6pa30BaHne CTiuitTteca. IIpHBefleM 6e3 flOKasaTejibCTBa 
CBOiiCTBa C l ': 

!) \\C\\l 2 = min(l, 1 - sirnru) < 1, 

2 ) \\C \\l 2 = 1 + chna, v = ia-\, ael; 

3) npii Bcex v, k mojkho bbihhcjtiitb BecoByio HopMy C v . HanpiiMep, 
ccjih sm-KV ■ sm-KV > 0, to 

IHk t = i + ^. 

sm7rfc 

TeopeMa 29. IIpii v € M. cnpaBepjmBBi xoyK^ecTBa pjm K0Mno3mmii 

C V = X S V _ 1 PS+ = iPS+ iSI, (128) 
iSTL = iS% + C v , iP^ = X P»_ <y, (129) 
X S U _ = C v = C v iP^, sin™ ^ 1. (130) 
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Tenepb onpeflejiHM h H3yHHM onepaTopti ByniMaHa-3p^,eftH BToporo 
pofla. 

BBe^eM HOByio napy onepaTopoB ByiiiMaHa-3p,zi,eiffl c cpyHKniiHMii 
JIe>KaHflpa BToporo po^a [102] b Hflpe 

(X oo \ 

-J(x 2 -y 2 r i Ql&f(y)dy + J (y 2 - x 2 )^Ql(^)f(y)dy\ , 

(131) 

/ X oo 



P r l = - ! - / </) -Q,,<->/(//^/ - / (^-^)^Qi(J)/(y)d y | . 

(132) 

IIpH y — > x ± HHTerpajibi noHHMaiOTca b CMbicjie rjiaBHoro 3Ha- 
hghhh. Otmcthm 6e3 /i,OKa3aTejibCTBa, hto sth onepaTopti onpeflejieHBi 
h hbjihiotch cnjieTaiomHMH npii HeKOToptix ycjiOBiiax Ha cpyHKHHii f(x) 
(npH 3tom onepaTop (131) 6yn,eT THna CoHHHa, (132) — Tiina IlyaccoHa). 

TeopeMa 30. Onepampbi (131) - (132) npe^CTaBiiMbi b Bnp,e (101) 
c MyjibTHnjiiiKaTopaMH 

m 2 s- (s) = p(s) m lS « (s), (133) 
m 2 p- (s) = m lP . (s), (134) 

r^e MyjibTHnjiHKaTopbi onepaxopoB iS^_, \PY_ onpep,ejieHbi cpopMyjiaMH 
(108) - (109), a (pyHKiimi p(s) ( c nepno^OM 2) pasna 

svrntv + cos7rs 

PS = : . 135 

sm7r^ — sm7rs 

JleMMa 1. PaccMOTpiiM 6ojiee oSihhh nem (131) HHTerpajibHbift one- 
paTop npH 3HaHeHHHx Re v < 1 : 



(x 2 +y 2 )-t e -^QZ(-)f(y)dy+ (136) 

y 




+ /(2/ 2 +zT 5 <C( -)/(») 
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rp/e Q£{z) — 4>yHKu,HH JlejKaHflpa BToporo po^a, Q%(z) — 3HaneHHe stoh 
cpyHKipiH Ha pa3pe3e. 

Toiyja Ha cpyHKinrax H3 Cq°(0, oo) onepaTop (136) onpeflejieH h pe&- 
CTByeT no (popMyjie 

M[ 3 S»](s)=m(s)-M[x 1 -i*f}(s), 



\ sin 7r(^i — s) — sin 7w / 

/ r(f)r(f + i)) \ 
l v r(f + ^pi)r(f + i + ^) y '- 

TeopeMa 31. CnpaBepjiiiBbi (popmyjibi pna Hopu 

\\ 2 S v \\l 2 =max(l, Vl + siiiTri/), (138) 
|| 2 P' y ||L 2 = l/min(l, Vl + sin7rz/). (139) 

CjieflCTBHe. OnepaTop 2>5' !/ orpaHnneH npn Bcex ^. OnepaTop 2 P V He 
HBjiaeTCH HenpepbiBHbiM TOiyja h tojibko TOiyja, KOiyja sin7w = — 1. 

TeopeMa 32. ,ZJ7bt ymiTapHOCTii b L 2 onepampoB 2 5" / u neo6- 
xoflfiMO ii floCTaTOHHO, x ito6bi napa&ierp v 6biji ufijibiM hhcjiom. 

TeopeMa 33. UycTb v = + 1/2, /3 e E. Tor^a 

|| 2 ^||l 2 = Vl + ch7r/3, || 2 i , "|U a = 1. (140) 
TeopeMa 34. CnpaBe^jiiiBbi npe^CTaBjieHHH 

oo 

2S°f=-[^-^f(y)dy, (141) 
o 

oo 

2S- 1 f=-[^^f(y)dy. (142) 
7T J - y 2 



TaKHM o6pa30M, b stom cjiynae onepaTop 2>S" y cbo/hitch k nape H3- 
BecTHbix npeo6pa30BaHHH rnjib6epTa Ha nojiyocn [34] . 



Transmutations and Applications. 



75 



IlepeHfleM k nocTpoeHHio onepaTopoB npeo6pa30BaHira, yHHTapHbix 
npn Bcex v. TaKne onepaTopti onpeflejiaiOTCH no cpopMyjiaM: 

S-/ = -sin^ 2 SV + cos^ 1 S!:/ ) (143) 
P^-sin^PV + cos^P^/. (144) 

JXjISl JIK)6bIX 3HaHeHHH V G M. OHH HBJIHIOTCH JIHH6HHMMH KOM6nHan,HHMH 

onepaTopoB npeo6pa30BaHHH ByniMaHa-3p,ii;eHH 1 h 2 po,u;a HyjieBoro no- 
pa^Ka rjiaflKOCTH. Hx mwkho Ha3BaTb onepaTopaMH ByniMaHa-BpfleiiH 
TpeTtero po,n,a. B HHTerpajitHofi cpopMe 3th onepaTopbi invieiOT bh^: 



oo 

^/ = cos t(~^) / p ^)f(y) d y+ ( 145 ) 

J (x 2 - y 2 )-^Qi(^)/(y) - J {y 2 z 2 )"*^ )/(*) dy 

X 

Puf -cos^ jp v{ l)(J^ md y- (146) 



--sin^f I - /(^_ y 2 r i Q i ( y )/(2/)dy _ hy*- x 2)-hQl(y)f(y)dy 



Teopeivra 35. Oneparopbi (143)-(144) npii Bcex v sibjishotch ynw- 

TapHBIMIl, B3&IIMH0 COnpHyKeHHblMII II 06pSlTHbIMII B L2 ■ OhII HBJISIOTCa 

cnjieraiomiiMH h /re&CTByiOT no qbopMyjiaM (74). JIpu stom S£, RBjiseTCR 
onepampoM Tiina CoHiisa, a — Tiina TLyaccona. 
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,U,ajiee npiiBefleHbi HeKOToptie npiuio^KeHira h o6o6meHHH nojiyneH- 
Hbix pe3yjibTaTOB. 

A. Oh,6hkh nojiyHopM b (pyHKHHOHajibHbix npocTpaHCTBax. 

PaccMOTpHM MHOJKecTBO cpyHKHiiii 23(0, oo). Ecjih /(x) G 23(0, oo), 
to /(x) G C°°(0, oo), /(x) — (pHHHTna Ha 6ecKOHeHHOCTH. Ha stom mho- 
»cecTBe (pyHKinifi BBe^eM nojiynopMbi 

ll/lk = ll^/IU 2( o,cx>) (147) 
11/11^ = H^(-^) a /IU 2 (o,oo) (148) 

r^e J)° — flpo6Haa npoH3BO,n;HaH PHMaHa-JInyBHjijiH, onepaTop b (148) 
onpeflejiaeTCH no cpopMyjie 

7_ : 2 — onepaTop 3pfleHii-Ko6epa, a — npoiOBOJitHoe fleftcTBHTejibHoe 
hhcjio. IlpH p = n € No BbipajKemie (149) nomiMaeTCH b oGbihhom 
CMbicjie, hto corjiacyeTCH c onpeflejieHiieM (7.2). 

JleMMa 1. IlycTb f(x) G 23(0, oo). Tor^a cnpaBefljiiiBBi TOJKflecTBa: 

^/=i^- 1 [i a (-~) a ]/ ) (150) 

x a (--4-) a f = i p ?~ 1 ®-f- ( 151 ) 

X cix 

TaKHM o6pa30M, onepaTopbi ByniMaHa-3pfleHii HyjieBoro nopaflKa 
rjia^KOCTH nepBoro po^a ocyinecTBjraiOT CBH3b Mempy flHcpcpepeHiniajib- 
HbiMH onepaTopaMH (npn a G N) 113 onpe^ejieHiiii nojiyHopM (147) h 
(148). 

JleMMa 2. IlycTb f(x) G 23(0, oo). Toiyja cnpaBefljiHBbi HepaBeHCTBa 
Me»c/i,y nojiyHopMaMH 

\\f\\ h « ^ max(l,Vl + sin™)||/|| % , (152) 

l^l^? ^ ■ n ■ H l/lUg, (153) 

2 min(l, Vl + sin7TQ!) 

r^e a — jiioGoe fleftcTBHTejibHoe hhcjio, a/- ^ + 2fc, fc G Z. 
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IlocTOHHHbie b HepaBencTBax (152)-(153) He MeHbine e/niHHHbi, hto 
6yn,eT flajiee Hcnojn>30BaHO. B cjiynae sin7ra = — 1 hjih a = — ^ + 2fc, k € 
Z, on,eHKa (153) He HMeeT MecTa. 

BBe^eM Ha D(0, oo) co6ojieBCKyio HopMy 

ll/lk? = ll/IU a (o,=c) + ll/lk-- (154) 
BBe,u;eM TamKe flpyryio Hopiviy 

11/11% - 11/IImo.oo) + 11/11% ( 155 ) 

IlpocTpaHCTBa W£ i W£ onpe^ejiMM KaK 3aMbiKaHHH 5)(0,oo) no Hop- 

MaM (154) H (155) COOTBeTCTBeHHO. 

TeopeMa 36. a) npn ncex a € R npocrpaHCTBO W% nenpepbiBHO 
BjioxeHO b W£ , npaneu 

ll/lk a «<^i||/||%, (156) 

rfle Ai — max(l, \/T + sin7ra). 

6) llycTb sin na 7^ — 1 hjih a 7^ — \ + 2k, fceZ. Tor^a cnp&Bep,jiHBO 
o6paTHoe BjioyneHHe W% b Wg, npnieM 

||/||% ^A 2 \\f\\ w «, (157) 

rfle A2 — 1/ min(l, \/T + sin7ra). 

FlycTb sin7ra 7^ — 1, ror/ia npocrpaHCTBa W% h W% M30MopqbHbi, 

a HX HOpMbI 3KBIIB ajIGHTHbl . 

r) KOHCTaHTbl B HGpaBGHCTBaX BJIO^KGHHH (156)— (157) TOHHbie. 

3tsl TeopeMa cpaKTnnecKH HBjraeTCH cjieflCTBneM pe3yjn>TaTOB no 
orpaHnneHHOCTH onepaTopoB ByniMaHa-Bpflenn HyjieBoro nopa^Ka 
rjia/i,KOCTH b 1j2. B cboio onepeflb, H3 TeopeMM 06 yHHTapHOCTH sthx 
onepaTopoB BbiTeKaeT 

TeopeMa 37. HopMbi 

ll/lk? = £ Pi/Ik, (158) 

11/11% = Eii^'(-^) j /ik ( 159 ) 
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3a^aiOT SKBiiBajieTHhie HopmiipoBKii b npocTpaHCTBe Co6ojieBa npa ne- 
jimx s G Z. KpoMe mro, naxmoe cjiaraeMoe b (158) mx^ecTBeHHO paBHO 
cooTBeTCTBymmeMy cjiaraeMomy b (159) c reM xe hhj^gkcom j. 

H. A. KnnpHHHOB BBeji b [175] niKajiy npocTpaHCTB, KOToptie OKa- 
3ajiH cymecTBeHHoe bjihshhc Ha Teopnio ypaBHeHiift b nacTHbix nporo- 
BO^Hbix c onepaTopoM Beccejia no OflHoft hjih hgckojhdKhm nepeMeHHbiM. 
9th npocTpaHCTBa mojkho onpe^ejiHTb cjie/jyioiHHM o6pa30M. PaccMOT- 
pHM no,u;MHOJKecTBO hcthbix cpyHKHHH Ha 33(0, oo), y KOTopbix Bee npo- 
H3BO/i,Hbie HeneTHoro nopa/nta paBHti Hynio npn x — 0. 06o3HaHHM sto 
MHOJKecTBO 2) c (0, oo) H BBeflgM Ha H§M HOpMy 

\\f\\w lk = \\f\\^ + \\ B iU*, k (160) 

r^e s — neTHoe HaTypajitHoe nncjio, B s J 2 — HTepanira onepaTopa Becce- 
jih. IlpocTpaHCTBO H.A. KHnpHHHOBa npn hgthbix s onpeflejiaeTCH KaK 
3aMbiKaHne 2) c (0,oo) no HopMe (160). H3BecTHO, hto SKBHBajieHTHaa 

(160) HopMa MO»ceT 6biTb 3a,a,aHa no (popMyjie [175] 

\\f\\wi k -\\f\K k + \\^(-~) s fh 2 , k (161) 

3to no3BOjia:eT floonpe^ejinTt HopMy b W£ k flJia Bcex s. Otmcthm, hto 
no cymecTBy stot no,nxo,n, coBna,n,aeT c o^him H3 npnHHTbix b [175], 
flpyroii noflxofl ocHOBaH Ha Hcnojn>30BaHHH npeo6pa30BaHHH Oypte- 
BeccejiH. ^ajiee 6yn,eM CHHTaTb, hto W 2k nopMnpyeTCH no cpopMyne 

(161) . 

BBe^eM BecoByro coGojieBCKyio Hopiviy 

\\f\\w lk = ||/|k, fe + \\® S -f\\L 2 , k (162) 

h npocTpaHCTBO W 2 k KaK saMMKamie 2) c (0, oo) no 3toh Hopivre. 

TeopeMa 38. a) IlycTb k ^ —n, n e N. Tor^a npocrpaHCTBO W£ k 
HenpephiBHO BjioxeHO b W 2 k , npiraeM cymecTByer nocTOsiHHaa A3 > 
Tanax, hto 

\\f\\w lk ^A 3 \\f\\ Wik , (163) 

6) IlycTbk + s ^ -2mi - 1, k-s ^ -2m 2 -2^mi E N , m 2 G N . To- 
r^a cnpaBefljiHBO o6paTHoe BjioiKemie W 2 k b W 2 k , npiineu cymfiCTByeT 
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nocTOXHHasi > 0, Tanaa, hto 

\\f\\w lk ^M\f\\w ik . (164) 

b) Ecjih yKa3a,HHbie ycjiOBna: He bbihojihshotcsi, to cooTBeTCTBymurne 
BjioxeHHH He HAieiOT Mecra. 

CneflCTBiie 1. IlycTb BbinojineHbi ycjiOBna: k =/= —n, n € N; k + s =/= 
— 2mi — 1, mi G No; k — s ^ — 2m2 — 2, 777,2 € No- Toiyja npocTpaH- 
CTBa H.A. KnnpnaHOBa mo>kho onpeflejiHTb KaK 3aMbiKaHne 3D c (0,oo) 
no BecoBoii co6ojreBCKon HopMe (162). 

Cjie^CTBHe 2. ToHHbie 3HaHeHna iioctojihhbix b HepaBeHCTBax bjio- 
jKeHHH (163)-(164) ecTb 

A 3 = max(l, HiSr 1 !!^), A 4 = max(l, ||iP^ _1 |U ai J. 

OneBH^HO, hto npiiBefleHHaa: TeopeMa n cjieflCTBHH H3 tree BMTe- 
KaiOT H3 npHBe,u;eHHi>ix Bbinie pe3yjibTaTOB pjin onepaTopoB ByniMaHa- 
3p,u;eHH. Otmcthm, ^tto hopmbi onepaTopoB ByniMaHa-Spflenn nyjieBoro 
nopaflKa rjiaflKOCTH b L2. k flaiOT 3HaneHHH tohhbix iioctohhhijIx b Hepa- 
BeHCTBax BjiojKeHHH (163)-(164). OneHKH hopm onepaTopoB ByniMaHa- 
3p,n;eHH b 6aHaxoBbix npocTpaHTCBax L Pt0 , no3BOjiHiOT paccMaTpnBaTb 

BJIOJKCHHH COOTBeTCTByiOmHX CpyHKHHOHajIBHBIX npOCTpaHCTB. 

HepaBeHCTBO pjin nojiyHopM, npHBO,n,s:inee k BjiojKeHnio (163) (s - 
nejioe hhcjio) , nojryneHO b [320] . BjiojKeHHa Tana nojiyneHHbix b TeopeMe 
38 paHee H3ynajiHCb b [321-322]. B nocne/nien pa6oTe paccMaTpHBaji- 
ca cjiynaii k > — 1/2, s e N, npocTpaHCTBa W£ k . Mm paccMaTpHBaeM 
rHjib6epTOBbi npocTpaHCTBa W% k , k h s — jno6bie flencTBHTejibHbie nnc- 
jia. KpoMe Toro, b TeopeMe 38 yTOHHenbi ycjiOBHa OTcyTCTBna bjiojkchhh 
H3 [321-322], KOTopbie coflepjKajin oihh6kh (cm. hhjkc). Otmcthm, hto b 
TeopeMe 38 cpaKTnnecKn ycTaHOBjieHM 6ojiee TOHHbie HepaBeHCTBa Meat- 
fly cooTBeTCTByiomHMH nojiynopMaMH, neM b npe/nnecTByioinHx pa6oTax 
[320-322]. 3to CTajio B03MO»cHbiM 6jiaro^,apa npiiMeiieHiiio no,u;po6HO 
H3yHeHHbix Bbiine Oil ByniMaHa-SpflCHH. 

IlepeHfleM k paccMOTpeHHio npaBOCTopoHHnx cnjieTaroinnx onepaTO- 
poB (60)-(63). Mbi noKajKeM, hto b o6meM cjryqae ohh ocymecTBjiiOT 
H30Mop(pH3M npocTpaHCTBa C.J1. Co6ojieBa h H.A. KnnpnHHOBa. Onpe- 
flejiHM npocTpaHCTBa H 2s , H 2s n K 2s k&k 3aMbiKaHHH MHOJKecTBa cpyHK- 
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uhh D(0, oo) no HopMaM 

||/||^ = II/Hl 2 + ||S) 2 _ s /IU 2 , (165) 

ll/llH- = ||/IU 2 , Q + ||2) 2 _V||L 2 , a , (166) 
ll/lk- = ||/lk 2 , a + ||^/|| L2ia , (167) 

s — HaTypajibHoe hhcjio, a e K. OnpeflejniM TaioKe napy onepaTopoB 
Tuna (75) 

= iSl~*x a+ *, iX? = ar< a+ *>iP"~*. (168) 

TeopeMa 39. IlycTb ael, s e N. Tor^a onepamp \X_ ^eScTByeT 
HenpepbiBHO M3 H 2s b K 2s , npnneM 

lliX^/ll^ < A 5 ||/|U 2s , (169) 

r#e A 5 = ||iX^|| H 2a^ K 2 S = || iS" 5 || i2 = max(l, y/l + costtq:) 

TlycTb seN,a/2Hl, fc e Z (km* cos7ra 7^ —1 J. Tor^a onepa- 
mp iYf fleMcTByeT HenpepbiBHO H3 b K 2s b H 2s , npuneM cnpaBe^jniBO 
nepaBeHCTBO 

\\lY«f\\ K 2e^A 6 \\f\\ H 2s, (170) 

c nocTOXHHOii 

a-i 

^6 = ||i^- ||/f 2s ^H 2s = lli-P- 2 I|l 2 = 1/ max(l, vl + cos7ra) 

OncpaTop Beccejia HBjiaeTCH pa/piajibHOH nacTbio jianjiacnaHa b R n . 
Ilpn TaKofi HHTcpnpcTan;HH 3Toro onepaTopa b cjiynae HeneTHOMepHBix 
npocTpancTB 6ya,eT BbinojiHeHO ycjiOBiie TeopeMbi 39. 

TeopeMa 40. TlycTb BbinojineHbi ycnoBiia a ^ 2k + 1, I; £ Z, a / 
-n, n€N;a + 2s^ -2mi - 1, mi e N ; a -2s 7^ -2m 2 -2, m 2 e N . 
Toiyja oneparopbi (168) ocymecTBjiaiOT TonojioriinecKiiit ii30Mop(pii3M 
npocrpancTB Co6ojieBa H 2s 11 BecoBoro npocrpaHCTBa Co6ojieBa H 2s . 

OneBHflHO, hto Bee ycjiOBiiH TeopeMbi 40 BbinojiHeHbi npii nojiynejibix 
ciel. IIosTOMy cnpaBe,n,jiHBa 

TeopeMa 41. IlycTb s <E N, a-|eZ. Tor/ja onepampbi (168) ocj- 
mecTBjiaiOT TonojiorH^ecKHit ii30Mop(pii3M npocTpancTB Co6ojieBa H 2s 
11 BecoBbix npocTpaHCTB Co6ojiesa H 2s . 
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AHajiorHHHO mojkho bbccth no (popMyjiaM rana (168) onepaTopbi 
iX a 0+ h iY a a+ . B Ka^ecTBe iiphjtojkghhh npiiBe^CHHbix Bbiine pe3yjib- 
TaTOB mojkho TaKJKe paccMOTpeTb fleifcTBiie onepaTopoB (168) b npo- 
CTpaHCTBax c HopMaMH (165)^(167) npn npoH3BOjibHbix Becax, ne co- 
rjiacoBaHHbix c iioctohhhoh a b onepaTope Beccejia B a . 

IlpHHD;HnHajibHaH BajKnocTb npocTpaHCTB H.A. KnnpnaHOBa pjisl 
Teopnn ypaBHCHHH b nacTHbix npoH3BO/i,Hbix pa3jiHHHbix TiinoB c onepa- 
TopaMH Beccejia OTpajKaeT o6innn MeTOflOjioriiHecKHft no/i,xo/i;, KOTopbiii 
aBTop ycjibiiiiaji b Bnpfi KpaciiBoro a<popn3Ma Ha njieHapHoft jieKnnn hji.— 
Kopp. PAH Jl./fL Kyn,pHBn,eBa: "KAJKflOE YPABHEHHE /JOJIJKHO 
H3YHATBCH B CBOEM COBCTBEHHOM I7POCTPAHCTBE!" 



B. 3a,zi;ana Koinn ppx ypaBHemiH 3njiepa-nyaccoHa-,Z],ap6y (311,11,). 
PaccMOTpHM ypaBHCHne 3n,3, b nojiynpocTpaHCTBe 

d 2 u 2a+ldu 
B a . t u(t,x) = H ~ t — -q^ = &xU + F(t,x), 

rfl,e t > 0, x e W l . fla/pM HecTporoe onncaHne npone,nypbi, no3BO- 
jiinoinen nojiynaTb pa3jinnHbic nocTaHOBKH HanajibHbix ycjiOBnii npn 
t = e/niHMM MeTOflOM. 06pa3yeM no (popMyjiaM (74) onepaTopbi npe- 
o6pa30BaHna X a t n Y at . npeflnojiojKHM, ^ito cymecTByiOT BbipajKCHna 
X a ,tu = v(t,x), X a , t F = G(t,x). IlycTb o6biHHaH (HecnHryjiapHaa) 
3a/i,ana Komn 

d 2 v 

— = A x v + G, v\t=o = <p(x), v' t \ t =o = ip{x) (171) 

KoppeKTHO pa3peniHMa b nojiynpocTpaHCTBe. Tor^a b npeflnojiojKeHHH, 
hto y a ,t = X~ t nojiynaeM cjieflyroinne HanajibHbie ycjiOBHH pjisi ypaB- 
HeHna 3n,ZL 

X a u\ t=0 = a(x), {X a u)'\t=o = b{x). (172) 

Ilpn 3tom pa3jinnnoMy Bbi6opy onepaTopoB npeo6pa30Banna: X a> t (one- 
paTopbi CoHHHa, ByniMaHa-Spflefln, BymMaHa— 3p^eitn HyjieBoro no- 
pa^Ka raaflKOCTH I hjih 2 po^a, yHHTapnbie onepaTopti TpeTbero po^a 
(145), o6o6meHHbie onepaTopbi ByniMaHa— Sp^eitn) 6ynyT cootbctctbo- 
BaTb pa3jinnHbie Ha^ajibHbie ycjiOBHH. Cne^ya H3Ji0JKeHH0n MeTO/niKe 
b KajK^OM KOHKpeTHOM cjiynae nx mojkho npnBecTn k 6ojiee npocTbiM 
aHajiHTHHecKHM (popMyjiaM. 
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IlpiiMeHGHHG onepaTopoB npeo6pa30BaHHH no3BOjiaeT cbo/hitb chh- 
ryjiapHBie (hjih HHane BbipojK^aioiiniecH) ypaBHeHHH c onepaTopaMii 
Beccejia no oflHoft hjih hcckojibkhm nepeivieHHbiM (ypaBHeHHH 3I!,!],, chh- 
ryjinpnoe ypaBHeHHe TenjionpoBOflHOCTH, B — sjijinnTHnecKHe ypaBHe- 
HHH no onpe^ejieHHio H.A. KnnpHHHOBa, ypaBHeHHH oGoineHHOfi ocecHM- 
MeTpHHecKOH TeopHH noTeHiniajia — TeopHH GASPT — A. BaHHCTeima 
h flpyrne) k HecHHiyjiapHbiM. Ilpn 3tom anpnopHbie oneHKH ,h,jih CHHry- 
jinpHoro cjiynaa nojiynaiOTCH KaK cjieflCTBHH cooTBeTCTByiomiix anpn- 
opHbix onenoK fljin peryjinpHbix ypaBHeHHii, ecjin t ojibko yzjajiocb on,e- 
HHTb caMH onepaTopbi npeo6pa30BaHHH b HyjKHbix cpyHKHHOHajibHbix 
npocTpaHCTBax. 3HaHHTejn>Hoe hhcjio no,n,o6Hi>ix oneHOK 6mjio npHBe^e- 
ho Bbiine. 



B. PacMOTpHM onepaTop iSg+- Oh HMeeT bh^ 

x 

lS °+ = i f K Qf(y) d y> ( 173 ) 



r^e Hflpo K BbipajKaeTCH no (popMyjie K(z) = P v {z). npocTeftniHe cboh- 

CTBa cneiniajibnbix cpyHKiniH n03BOJI5HOT nOKa3aTB, HTO \Sq_^_ MOHCHO 

paccMaTpHBaTB KaK HacTHbift cjiynaii onepaTopa BH,ii;a (173) c (pyHKHiien 
rereH6ayspa b nppe 

= T(a + 1)T(2P) _ lY - hc , {z) (1?4) 

2f-5r(a + 2/3)r(/3+i) 

npn 3HaneHHHx napaMeTpoB a = i>, ft = \ hjih c cpyHKinieii 5Iko6h b 
HApe 

npn 3HancHHHx napaivieTpoB a = v, p = a = 0. Bojiee o6iii,hm hbjihiotch 
onepaTopbi c rnnepreoivieTpHHecKOH cpyHKinieii Taycca 2-F1 hjih c G - 
cpyHKinicfi: Maftepa b a^pax. nepeflfleM k hx onpejj,ejieHHK>. 
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OnepaTopbi c cbyHKinien Baycca 2^1(0, b; c; z) nsynajiHCb b 6ojibinoM 
HHCjie pa6oT. Otmcthm 3,n,ecb pa6oTbi R.K. Saxena, S.L. Kalla (cjiynaii 
z = y/x, x/y), A.C. Mabride, T.P. Higgins (cjiynan z = 1 — y m /x m ), 
E.R. Love (cjiynafi z = 1 — y/x, 1 — x/y), M. Saigo (fljia cjiynaa kohch- 
Horo OTpe3Ka [a, b], z = (x — y)/(x — a), (y — x)/(b — x)). Bn6jinorpa(pHio 
n flpyrne npnivrepbi cm. b [34, 353-358]. no,n;o6Hbie o6o6ineHna flpyroro 
pofla, b KOTopbix paccMaTpHBaiOTca onepaTopbi c HHTerpnpoBaHneM no 
Bceit nojiyocH n a/ipa BbipajKaiOTca nepe3 o6o6incHHbie (pyHKiiHH Jle- 
»caH/i,pa, roynajinct b [238-240]. fl^nsi nccjie,n,OBaHHa TaKiix onepaTopoB 
MoryT OKa3aTi>ca nojie3HbiMH pa3jiHHHbie HepaBen TBa fljia rnnepreoMeT- 
pnnecKnx cbyHKHiifi, HanpHMep, nojiyHeHHbie b [241-251]. 

BBe/i,eM eme opjm Kjiacc Taioix onepaTopoB, o6oinaioinHx onepaTopw 
ByniMaHa-3p/i,eHH (53)-(56). 

Onpeflejiemie 17. OnpeflejinM onepaTopti raycca-ByniMaHa-BpfleftH 
no cjieflyioinHM ebopiviyjiaM: 

1 F Q+ (a^c)[f] = ¥ ^- y (176) 



2 F 0+ (a,b,c)[f] = —±—. (177) 



2 c -!r( c ) 

u 

1 F_(a,6,c)[/] = ^l^. (178) 



2 F_(a,i,c)[/l = FrIFS . (179) 

'£-i)^(£ + ip,«(M,i- if) /(,)*, 
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3 F 0+ [f] = £iF 0+ [/], 4 F 0+ [/] = 2F 0+ -[f], (180) 
3 F.[f] = 1 F.(-£)[f], 4 F_[/] = (-A) 2j p_ [/] . (i8i) 

Chmboji 2-Fi b onpeflejieHHHx (177) h (179) 03HaHaeT riinepreoMeTpii- 
necKyio (pyHKiniio Taycca, a b onpeflejiennax (176) h (178) o6o3HanaeT 
rjiaBHyio BeTBb aHajiiiTinecKoro npoflOjCKeHiia stoh (py hkhtiii . 

OnepaTopbi (176) - (179) o6o6m,aiOT onepaTopbi ByniMaHa-3p^,eHH 
(53) - (56) cooTBeTCTBeHHO. Ohh cbo^htch k nocjie^HHM npn Bbi6ope 
napaMeTpoB a = — (y + fi), b = 1 + v — u., c = 1 — fj,. Ha onepaTo- 
pbi (176) - (179) c cooTBeTCTByiomHMH H3MeHeHHHMH nepeHOCHTca Bee 
nojiyHeHHbie Bbiine pe3yjiBTaTbi. B nacTHOCTH ohh (paKToprayiOTCH ne- 
pe3 6ojiee npocTbie onepaTopbi (180) - (181) npn cnennajibHOM Bbi6ope 
napaMeTpoB. 

OnepaTopbi (180) - (181) o6o6maiOT onepaTopbi (60) - (63). J\jisi 
hhx cnpaBefljiHBa 

TeopeMa 42. Onepampbi (180) - (181) Moryr 6biTb pacmiipeHbi 

H30MGTpiI T IHbIX B -/^(O, Oo) TOTf\& II TOJIbKO TOTflfl, OHH CObH&JIQIOT 

c onepampaMH ByniAiaHa-SpfleHH HyjieBoro nopsipjia rjiajxKOCTH I po/^a 
(60) - (63) cootbgtctbghho HpH Hejibix 3HaHeHHsix napaMerpa v = \{b — 
a-1). 

3Ta TeopeMa BbmejiaeT onepaTopbi ByniMaHa-3p/],eHH HyjieBoro no- 
pa^Ka rjia^KOCTH cpe/ni hx bosmojkhbix o6o6m;eHHH (176) - (181). CaMii 
onepaTopbi (176) - (179) HHTepecHbi Kax hobhm Kjiacc npeo6pa30Ba- 
hhh, o6o6maioiHHx onepaTopbi ,n;po6Horo HHTerpo/nicpcpepeHnHpoBaHHs:. 
AHajiorHHHbie o6o6meHHfl mojkho npo,n;ejiaTb h fljia onepaTopoB (131) - 
(132), (136), (145) - (146). 

Bojiee o6ihhmh hbjihiotch onepaTopbi c G - cpyHKinieH Maftepa b 
Jmpe. HanpHMep, oflHE 113 Taxiix onepaTopoB HMeeT bh^ 



^ + (a,0,S,, m = T{1 _ ani _ py (182) 

X 

J ^ - + I (J- - ) f(y) dy. 



OcTajibHbie nojiy^aiOTca npn H3MeHeHHH npoiviejKyTKa HHTerpnpoBa- 
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huh h 3hrhghhh apryMeHTa G - <pyHKu,Hii. IIpH 3HaHeHHHx napaMeTpoB 
a = 1 — a, /3 = 1 — &, (5=1 — c, 7 = (182) cbo^htch k (176), a npn 
3HaHeHirax a = 1 + u, (5 = —v, (5 = 7 = 0(1 82) CBOflHTCH k onepaTopy 
ByniMaHa-BpfleiiH I po^a HyjieBoro nopa/pca rviaflKOCTii \S^ + . 

^ajibHeflniHe o6o6m,eHHH bo3mojkhbi b TepMimax (pyHKn,Hii Paifcra 
hjih OoKca. 
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8. B noHCKax BOJitTeppoBMX yHHTapHbix onepaTopoB 
npeo6pa30BaHHH. 

Ha3BaHHe SToro nyHKTa yMbiinjienHO iiohth KoniipyeT Ha3BaHne na- 
parpacpa 113 H3BecTHoft paGoTbi JI. ,ZL Qa/meeBa [33]. Bonpoc 06 yHH- 
TapHOH 3KBHBajieHTHOCTH B03HHKaeT yate b npocTeiiHieM cjiynae A B y x 
MaTpnn,. Ecjth o6ihhx co/i,ep}KaTejibHbix KpiiTepiieB no^,o6nH He cyme- 
CTByeT (KpoMe C0Bna,u;eHHH KaHOHHHecKtix cpopM), to pjlk yHHTapHoro 
no,u;o6HH nojiyneHbi HHTepecHBie KpiiTepnn IIIncxTa h iliipcii [1]. TeM 
6ojiee HHTepecHbiM CTaHOBHTca noncK yHHTapHbix Oil b 6ecKOHeHHO- 
MepHOM cjiynae. 

Eme b paGoTax flejibcapTa h JlnoHca 6bijio 3aMeneH0, hto b Kjiaccn- 
necKHx npocTpaHCTBax onepaTopbi npeo6pa30BaHHH CoHHHa-ITyaccoHa- 
^ejibcapTa HeorpaHnneHbi, TaK KaK H3MeHHK)T rjia,n,KOCTb cpyHKHHft. To- 
r/i,a 11 B03HiiKjia pacnpocTpaHHBinaHCH b (pojibKjiope sa^a^a, bocxo^,h- 
maa: eme k KjiacciixaM Teopim Oil: o6o6mHTb onepaTopbi CoHiiHa- 
IlyaccoHa-^ejibcapTBa c coxpaHCHiieM cnjieTaiomero CBOitcTBa TaK, hto- 
6m o6o6m,eHHbie onepaTopbi fleifcTBOBajiH xoth 6bi orpaHHHemio, a b 
HfleajibHOM cjiynae 6bijiH yHHTapHBiMii b npocTpancTBe £2(0, 00). 

MenTa o nocTpoeHiiii b hbhom BH^e yHHTapHbix Oil HMeeT h kophh b 
MaTeMaTHHecKoii <pH3HKe, a hmchho b 3a,n;aHax KBaHTOBOft Teopnn pac- 
cchhhh. TaM flaBHO H3BecTHbi Tax Ha3biBaeMbie BOjiHOBbie onepaTopbi, 
KOTopbie cnjieTaiOT B03MymeHHbiH h HeB03MymeHHbiH onepaTopbi fflpe- 
^HHrepa h hbjihiotch yHHTapHbiMH. Be^a b tom, hto cymecTBOBaHHe 
BOjiHOBbix onepaTopoB ,n,OKa3aHO h ohh hmciot BajKHbie npnjiojKeHHH, 
ho hx noKa hhkto ne nocTpoHji b hbhom BH/i,e flajKe flnn npocTeiiHiHx 
cjiynaeB 3a eflraraHMi hckjhohchhhmh. 9to He yiniBHTejibHO, Be,n,b h 
ypaBHBHHe DIpe/niHrepa peinaeTCH b hbhom BHfle TOjibK pjw hckjiiohh- 
TejibHbix MOflejibHbix cjiynaeB, c 3thm Bee ysce CMHpnjiHCb. A b TeopnH 
Oil b onpeflejieHHOM CMbicjie Hao6opoT — MHorne onepaTopbi nocTpoeHbi 
b hbhom BH,a,e, ho He jjjlk o/nroro H3 hhx He royHajiocb cbohctbo yHH- 
TapHOCTH. TaKHM o6pa30M, peineHHe 3a^,anH o nocTpoeHHH yHHTapHbix 
o6o6m,eHHH Oil CUP, no3BOjiaeT coe/niHHTb MeTOflbi bojihobmx onepa- 

TOpOB H Oil. 

PenieHne nocTaBjieHHOii 3aflaHH HMeeT HeKOTopyio hctophio. nepByio 
MOflHcpHKaniiio On Cn^ npe^jiojKHji B. B. KaTpaxoB b 1980 r. nyTCM 
hx flOMHOxeHiia Ha onepaTop ,n,po6Horo HHTerpnpoBaHHH [233-234], ho 
yTBepjKfleHne 06 yHHTapHOCTH nocTpoeHHbix onepaTopoB pjisi Bcex 3Ha- 
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neHHii napaMeTpa v coflepjKajio hctohhocth. 0Ka3ajiocb, hto nocTpoeH- 
Hbie Oil yHHTapHbi jiiinib fljia u,ejibix 3HaHeHHii napaMeTpa, ^to 6hjio 
noKa3aHO aBTopoM b [252-253], cm. t&kikg [254-260]. Cjie/ryioiHee npo- 
ppvnKemie 6bijio CBH3aHO c H3yneHHeM Oil ByiHMaHa-3p,n,CHH [226-229]. 
OKOHnaTejibHoe penieHne 3a,naHH o nocTpoeHiiii yHiiTapHBix 0606m, hhe 
Oil CoHHHa ii nyaccoHa 6bijio nojiyneHO aBTopoM [226-229] b paMKax 
pa3pa6oTaHHOro hm KOMno3uv,uoHH080 Memoda nocTpoeHira pa3jiHHHbix 
KjiaccoB On [289-290, 373]. 

HanoMHiiM, hto fljia: yHirrapHOCTii b £2(0, 00) onepaTopoB ByniMaiia- 
3p,u;eiiH HyjieBoro no-pa^Ka rjia^KOCTii (60-63) Heo6xo,n;HMO ii floCTaTOH- 
ho, HTo6bi hhcjio v 6mjio uejibiM. 3aflaHa o nocTpoeHiiii yHiiTapHBix 
On Tiina CoHiiHa 11 nyaccoHa pj\s. onepaTopa Beccejra (iijiii yrjiOBoro 
MOMGHTa) b o6meM cjiynae fljia npoH3BOjibHoro v 6i>ijia OKOHnaTejibHO 
peniena b [289-290] b paMKax KOMno3HHHOHHoro MeTOfla (cm. hhjkc) . 3to 
noTpe6oBajio BBefleHiia onepaTopoB floCTaTOHHO cjiojkhoh CTpyKTypti. 

TeopeMa 43. Cjiepyioume onepaTopbi xbjixiotch Oil Tiina Comma 
11 IlyaccoHa, B3anMno o6paTHhiMii 11 ymiTapHbiMii npii Bcex v: 

Suf = co S ^(-l)f P ^)m d y + (183) 
+ 2 -^(j\x>-y*)--Ql f(y)dy- 

-jTV-*T*Qi (j) Mdy), 

w-«T(T^o(i)/«*- 

~ S rn^(£^-y^Qi(l)f(y)dy- 

P v —(pynnniisi Jleynanppa nepBoro po/fa, Q\—(pyHKmisi Jlexauflpa 
BToporo po^a, Ql—dpyHKiiHH JlemaH/ipa Broporo pop,a na pa3pe3e [102]. 

3tiim 3aBepniaeTCH hctophh nocTpoeHHH yHiiTapHBix On Tima Co- 
HHHa h nyaccoHa. 

HHTepecHO paccMOTpeTb HacTHbift cjiynaft, KOTopbiii BbiTeKaeT H3 
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TeopeMbi 19 npii v = 1. IIojryiaeM napy oneHb npocrbix onepaTopoB 



Eli! = f(x) - - f f(y) dy, E^f = f(x) - f°° f M ^ (i 84 ) 
x Jo Jx V 



CBa3aHHbix co 3HaMeHHTbiMH onepaTopaMH Xap/ni 



1 f x f°° f(v) 

Hif = - / f(y) dy, H 2 f = ^dy. (185) 

x Jo Jx y 



IIo noBOfly Teopim HepaBCHCTB Xap/ni cm. [261-262]. H3 Haniiix pe3yjib- 
TaTOB cjie^yeT 

TeopeMa 43. Oneparophi (184) o6pa3yiOT napy B3anMnoo6paTHhix 
yHHTa pHbix b £2(0, 00) onepampoB. Onn cnjiexaiOT Kan Oil 11 — 

2 xx 

KaK cjie/i,yeT H3 (185), onepaTopbi ByniMaHa-3p,ii;eiiH MoryT pac- 
CMaTpHBaTbca KaK o6o6uifiHun onepamopoe Xapdu, a HepaBGHCTBa pjin 
hx hopm hbjihiotch onpedejiennuMU o6o6ut,eHUMMu Hepaeencme Xapdu, 
hto no3BOjiaeT B3rjiHHyTb Ha stot Kjiacc onepaTopoB nop, hobbim hhtc- 
pecHBiM yrjiOM 3peHHH. KpoMe Toro, mojkho noKa3aTB, hto onepaTopbi 
(184) hbjijhotch npeo6pa30BaHHSMH Ksjih ot CHMMeTpHHHBix onepaTO- 
poB ±2i(xf(x)) npn cooTBCTCTByioineM BBiGope o6jiacTeii onpeflejieHna. 
Hx cneKTpoM hbjihctch e/niHHHHaa OKpyjKHOCTB. B [226-227] sth bo- 
npocBi paccMOTpeHbi 11 pjisl npocTpaHCTB co CTeneHHBiM BecoM. 

Pe3yjibTaT 06 yHHTapHOCTH b HcICthom cjiynae TeopeMbi 43 6hji 
He/i,aBHO nepeoTKpbiT KycpHepoM, IlepccoHOM h MajinrpaHflofi, pasnm- 
mi ero sjieMeHTapHoe flOKasaTejibCTBO. TeopeMa 19 no3BOjia:eT BBinncaTB 
eme HecKOjibKO nap yHHTapHbix b £2(0, 00) onepaTopoB oneHb npocToro 
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U 3 f = f+ I" f(y)^-, U 4 f = f+ - f°° f(y)dy, 
Jo V x Jx 

U 5 f = f + 3x [ X f(y) %, U 6 f = f - \ f yf(y) dy, 

Jo y x Jo 

Urf = f + \ T yf(y) dy, Usf = f-3x [°° f(y)% 

x Jx Jx v 



3tot nepeneHb mojkho cymecTBeHHO paciimpHTb. Ha moh B3rjiafl no- 
,u;o6hijIx npocTbix aBHbix npnMepoB ohchb He xBaTaeT b Kypcax cpyHK- 
HHOHajibHoro anajiH3a. 
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9. OnepaTopw npeo6pa30BaHHH rjisi HeKOToptix cnHryjiapHtix 
,n,HCpcpepeHii,iiajiBHMX onepaTopoB c nepeivieHHbiMH 

K03(j)(J)HU,HeHTaMH. 

B 3tom nyHKTe 6ynyT paccMOTpeHbi Oil Bn,n,a 

S v {B v - q{x)) = B V S V , B v = ^ + v{y + 1} A (186) 

KOToptie o6o6maiOT paHee paccMOTpeHHbie Oil fljia onepaTopoB 
IIlTypMa-JlHyBHjijiH n Beccejra. 

ncpBbie pa6oTt>i no flaHHoft sa^a^ie paccMaTpHBajiH Oil Ha peineHH- 
ax cooTBeTCTByK>m,Hx o6biKHOBeHHbix flH(p(pepeHn,Hajii>Hbix ypaBHCHnn. 

IIpH 3TOM HCnOJIb30BajICH MeTOfl CpyHKHIlH PlIMaHa B TOM BHfle, KaK 

oh 6biji pa3pa6oTaH b cpyH^aMCHTajibHon CTaTbe B. M. JleBHTaHa [171]. 
HyjKHbie Oil 6bijih nocTpoeHbi b pa6oTax [263-264], b nocjieflHen pa- 
6oTe HMeiOTCH hctohhocth b (popMyjinpoBKax. Cjie^yeT otmcthtb, hto 
MeTO,n, B. M. JleBHTana hmbji, Ha moh B3rjum, h oahh He/i,ocTaTOK: hm 
Hcnojib30Bajiocb BbipajKeHne cpyHKnnn PnMaHa Hepe3 rnnepreoMeTpn- 
necKyio cpyHKiniio Taycca, a nocne/nmH oneHHBajiacb Ha ocHOBaH h 06- 
ihhx acHMnTOTHK. B pe3yjibTaTe OKOHnaTejibHbie oneHKH pjw ap,ep Oil 
coflepjKajiH HeKOHTpojinpyeMbie KOHCTaHTbi o6mero BHfla. 

OnpeflejieHHbiii npopbiB noTpe6oBaji HOBbix Hfleii, oh 6biji coBepnieH 
b 3aMeHaTejibHbix pa6oTax [265-266] xapbKOBCKoro MaTeMaTHKa Bajie- 
Phh BacHjibeBHbi CTanieBCKOH (1924-2007). IIpH 3tom 6bijia BnepBbie 
ycTaHOBjieHa HeojKH/i,aHHaa cbsbb Mexyiy Teopneii Oil h TeopeMaMH 
Tnna IfejiH-BHHepa H3 TeopHH cpy hkhhh . KaH/ni^aTCKaa ^HCcepTainis: 
B.B. CTanieBCKOH 6bijia HanenaTana nojinocTbio OTflejitHbiM H3,n,aHiieM 

XapbKOBCKHM yHHBGpCHTGTOM — 3TO eflHHCTBeHHblH H3BeCTHMH MH6 nO- 

,u;o6HbiH cjiynan. 

H3JIOJKHM KpaTKO njiaH nocTpoeHHa Oil bhrel (186) no B. B. Cia- 

HieBCKOH. 

1. PaccMaTpHBaeTca 3aflana o HaxojK^eHHH penieHna /nicpcpepeHun- 
ajibHoro ypaBHeHHH 

y »-^ ) + !*!L^ y + x*y = o, (187) 

Ha nojiyocH < x < oo, rj\e n— HaTypajibHoe hhcjio, q{x)— BeinecTBeHHaa 
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cpyHKinis:, yupBjieTBopaioinaH n P H a>0,/i<l/2 orpaHHHCHnio 

/ t»\q{t)\ dt < oo, (188) 
Jo 

h ycjiOBHio b Hyjie 



Jim = * (189) 

x^o 2™- 1 /2r(n+ 1/2) v ; 

2. ,H,0Ka3HBaeTCH cymecTBOBaHHe peineHHH nocTaBjieHHon 3a^aHn 
(187)— (189) MeTO,n,OM nocjieflOBaTejibHbix npnGjiHJKeHHii. 3to peineHHe 

IIMeCT BHfl 

y(*) = y(*,A) = ^^ + ^ > (190) 

r/i,e J„(i) — (pyHKipiH Beccejia, g(x, A) ecTb n,ejiaa (pyHKinia ot A npn 

KajKflOM (pHKCHpOBaHHOM X. 

3. floicasMBaeTCH TeopeMa IlajiH-BHHepa fljia cooTBeTCTByiomero 
npeo6pa30BaHHH XaHKejia (cPypbe-Beccejia) nonynejioft CTeneHH. 

4. ycTaHaBjiHBaeTCH, hto nejiaa npH KajKflOM cpnKcnpoBaHHOM x 
(pyHKn,HH g(x, A) H3 (190) yflOBjieTBopneT bcsm ycjiOBHHM nojiy^eHHon 
TeopeMbi Ifejni-BnHepa, b nacTHOCTii, iiMceT CTeneHt ^ x, nosTOMy pjisi 
Hee cnpaBefljiHBO HHTerpajibnoe npe^CTaBjieHHe c HHTerpiipoBaHHCM no 
npoMexcyTKy (0, x) c onpeflejieHHBiM jmpoM. PaBeHCTBO ilapceBajia npn- 
BOflHT k HyjKHOfi oi^6HKe SToro Hflpa b npocTpaHCTBe £2(0, 00). Ha stom 
nocTpoeHiie Oil 3aKOHHeHO, pjisi Hero nojiyneHO HHTerpajibHoe npeflCTaB- 
jieHHC n oneHKa siirpa. 

BnocjieflCTBHH H. H. Axiie3ep flOKa3aji TeopeMy rfojin-BnHcpa n ^jih 
npeo6pa30BaHHH XaHKejia jiio6oro nopa/pca [267], hto pacnpocTpaHHCT 
pe3yjibTaTbi CTaineBCKoft n Ha Bee Henejitie 3HaneHHH napaivieTpa n b 
ypaBHeHHH (187). 

MeTOfl CTaineBCKOii H3jiaraeTca bo Bcex MOHorpacpnax no Oil, a TaK- 
jKe bo MHornx KHHrax no o6paTHtiM saflanaM h Teopnn pacceirana. Oh 
6biji o6o6ineH pjia nocTpoemiH 6ojiee o6innx Oil S, cnjieTaioinHx no 
cpopMyne 

SiA-&))-AS,A- 1 * r) ±«*)±. (191) 

Bto HanpaBjieHne pa3pa6aTbiBajiocB nepBOHanajiBHO b pa6oTax HIe6jiH 
[4-6, 268-271], a 3aTeM no/rpo6HO nsynajiocb b pa6oTax TyHHCCKoro 11a- 
TeMaTHKa Xajincpti TpnMenia n coaBTopoB [4-6, 272-281]. 
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Otmgthm, hto no,n,po6Hoe HsyneHne Oil Bn,n,a (187) n CBH3aHHbix 
c hhmh BonpocoB 6bijio npo^ejiaHO b pa6oTax flpyroro xaptKOBCKoro 
MaTeMaTiiKa A.C. CoxHHa [378-381]. Boo6m,e, k&k mbi y»ce OTMenajin, 
BKjiafl MaTGMaTiiKOB XapbKOBCKOii niKOjibi b pa3BHTiie TeopHH onepa- 
TopoB npeo6pa30BaHHH oneHb bcjihk: B.A. MapiCHKO, H.H. Axne3ep, 
B.M. JleBHTaH, B.B. CTaineBCKaa, A. 51. noB3Hep, 51. H. >Khtomhpckhh, 
A.C. Coxhh, JI.A. CaxHOBH^, B.5I. Bojik h ^pyrne. 

,H,ajiee mm no,n,po6Hee paccMOTpHM 3a,nany o nocTpoemin onepaTopa 
npeo6pa30BaHHH S a BH,u;a 

oo 

S a u(r) = u{r) + j P(r,t)u{t)dt, (192) 

r 

onpeflejienHoro Ha jiio6bix cpyHKnnax u G C 2 (0, oo) h cnjieTaiomero one- 
paTopbi B a — q(r) h B a no (popMyjie 

S a (B a - q(r))u = B a S a u. (193) 

3,n,ecb B a — onepaTop Beccejia, KOTopbiii flajiee b stom nyHKTe onpefle- 
jiaeTca tslk: 

2a 

B a u = u"(r) + —u'(r), a > 0. (194) 
r 

CepopMyniipoBaHHafl 3a,naHa o nocTpoemiii onepaTopa npeo6pa30Ba- 
hhh no cymecTBy SKBHBajieHTna sa^ane o HaxojK^eHHH peineHnii Aiicp - 
cpepennnajitHoro ypaBHeHna, KOScpcpHnneHTM KOToporo hmgiot oco6eH- 
hoctb b Hanajie KOop/niHaT, 

B a v(r) - q(r)v(r) + Xv(r) = (195) 

nepe3 penieHna HeB03MyineHnoro ypaBHeHna u(r), npnneM nmyTca pe- 
nieHna, npeflCTaBHMbie b BH^e (192) c HeKOToptiM a,n,poM P(r, t). Bbi6op 
npe^ejiOB HHTerpnpoBaHna b npeflCTaBjieHnn (192) npnBO/niT k TOMy, 
hto ncKOMoe penieHne n ero npon3BO,n,Haa hmciot Ty »ce acnMnTOTn- 
Ky, hto h HeB03MymeHHoe peineHne Ha 6ecKOHenHOCTn npn BbinojiHeHnn 
oneBH^Hbix Tpe6oBaHHii k aflpy P(r,t). 

IIpeflCTaBjieHHe penieHnn o/nropo/nroro ypaBHeHna (195) no apopMyjie 
(192) o6binHO Ha3biBaeTca npeflCTaBjieHneivi HocTa. Bo3mojkhoctb TaKO- 
ro npeflCTaBjieHna c flOCTaTOHHO "xoponinM 11 a/ipoM P pjm ninpoKoro 
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Kjiacca noTempiajiOB q(r) jkjkht b ochobc KjiaccnnecKHx MeroflOB pe- 
niCHHH o6paTHbix 3aflaH KBaHTOBOii Tcopnii pacceaHna. 

/J,aHHbiH ran 3&r&h HMeeT cboio hctophio. CymecTBOBaHHe npe,a,CTaB- 
jieHHa HocTa, coxpaHaioiHero aciiMnTOTHKy npn r — > oo, BnepBbie 6bijio 
,u;oKa3aHO pjin ypaBHeHiia HlTypMa-JlHyBHjijia (a = 0, q — cyMMiipye- 
Maa cpyHKn,Ha) B. 51. JleBHHMM b [45]. OnepaTopbi npeo6pa30BaHHa ,n,jia 
onepaTopa Beccejia BnepBbie Ha pyccKOM sbbikc 6bijih noflpo6HO H3yne- 
hbi b ninpoKO H3BGCTHOH pa6oTe B. M. JleBHTana [171], h ^ajiee b hx 

II3yHGHIie OCHOBHOH BKJia^ BHOCHJIIl MclTGMaTEKE XapbKOBCKOH HIKOJIbl. 

Cjiynaii HenpepbiBHOft q, a > no,n,po6HO paccMOTpeH b pa3jiHHHbix 
acneKTax b pa6oTax A. C. CoxHHa [378-381], a TaioKe pa,n,a flpyrax aB- 
TopoB (cm. no,n,po6Hee [282]). OpiirimajibHaa MeTO/nixa fljia peincHna 
nocTaBjieHHoft 3a,n,aHH 6bijia pa3pa6oTana B. B. CTaineBCKoii [265-266], 
hto no3BOjiHjio eft bkjiiohhtb b paccMOTpeHiie CHHryjiapHbie noTeHiniajibi 
c on,eHKOH b Hyjie \q(r)\ ^ cx~ 3 / 2+e , e > npn nejibix a, sto MeTO/nixa 
nojiynnjia innpoKoe pa3BHTne. B pa6oTe aBTopa [255] ycjiOBHa Ha q(r) 
6bijiH ocjia6jieHbi flo ouchkh |<7(r)| ^ C/r 2 MeTO,n,OM CTaineBCKOft. 

BMecTe c tcm bo MHornx MaTeiviaTHHecKHx h <pH3HnecKHx sa^anax 
Heo6xoflHMO paccMaTpiiBaTB CHjibHO CHHryjiapHbie noTeHHiiajibi, nanpn- 
Mep, flonycKaioiinie npoH3BOjibHyio CTeneHHyio oco6eHHOCTb b Hyjie. B 
HacToameii pa6oTe cepopiviyjiHpoBaHbi pe3yjiBTaTbi no HHTerpajibHOMy 
npeflCTaBjieHHio peinenHft ypaBHeHHft c no,zi;o6HbiMH CHHrynapHMMH no- 
TOHn,HajiaMH. 

^ajiee npHBe,n;eM pe3yjibTaTbi aBTopa, nojiyHeHHbie b /jaHHOM HanpaB- 
jieHHH. H3jio?KeHHe cjie^yeT ny6jinKanHaM [255, 282-283, 382] 

• Haft,a,eHO HHTerpajibHoe npe^CTaBjieHHe penieHHft ,n,.nH /nicpcpe- 
pemniajibHoro ypaBHBHna c CHHryjiapHbiM noTeHirnajiOM, HMeio- 
ihhm floCTaTOHHO npoH3BOjibHyio oco6eHHOCTb b Hanajie Koop/pi- 
HaT. Ot noTeHiniajia Tpe6yeTca jinnib MajKopnpyeMOCTb onpefle- 
jieHHOfi (pyHKHiieft, cyMMHpyeMoft Ha 6ecKOHenHOCTH. B nacTHOCTH, 
k Kjiaccy ^onycTHMbix b ^aEHOfl pa6oTe OTHOcaTca CHHrynapHbift 
noTCHiniaji q = r~ 2 . chjibho CHHryjiapHbift noTeHHiiaji co CTeneH- 
hoh oco6eHHOCTbK> q = r~ 2 ~ £ , e > 0, noTeHiniajibi K)KaBbi THna 
q = e~ ar jr. noTeHiniajibi BaprivraHa h BaTMaHa-BlaflaHa [31] h 
psfl flpyrnx. Bipn stom Ha cpyHKinno q(r) ne HaKjia^biBaeTca hh- 
KaKHx flonojiHHTejibHbix ycjiOBHH THna 6biCTpoft ochhjijihhhh b Ha- 
najie KOop^HHaT hjih 3HaKonocToaHCTBa, hto no3BOjiaeT H3ynaTb 
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npiiTHriiBaiomHC h OTTajiKHBaiomHe noTeHHiiajibi eflHHMM MeTO- 

flOM. 

• ,U,0Ka3aTejibCTB0 cymecTBOBaHHa onepaTopa npeo6pa30BaHHH hjih 
HHTerpajibHoro npeflCTaBjieHna peineHnii B03MyineHHoro ypaBHe- 

HHH. HTO OJTHO H TO JKe, npOBOJTHTCfl nO CymeCTBy nO H3BeCTHOH 

cxeMe H3 pa6oTbi B. M. JleBHTaHa [171]. Mm bhochm He6ojibinoe 
ycoBepnieHCTBOBaHne b 3Ty cxeMy, Tax KaK Hcnojib3yeMyio b jj,o- 
Ka3aTejibCTBe (pyHKHino TpHHa KaK OKa3ajiocb mojkho Bbipa3HTb 
He tojibko nepe3 o6myio rHnepreoMeTpnnecKyio cpyHKHHio Taycca, 
ho h 6ojiee kohkpctho nepe3 cpyHKinno Jle»caH^,pa, hto no3BOjiaeT 

H36aBHTBCH OT HeOnpe^ejieHHMX nOCTOHHHMX B OHCHKaX H3 [171]. 

• PaHee paccMaTpHBajincb jinnib cjiynan ojrnHaKOBbrx npe/jejiOB (o6a 
BHfla [0; a] hjih [a; oo]) b ochobhom HHTerpajibHOM ypaBHeHHH jijih 
H^,pa onepaTopa npeo6pa30BaHHH. B jj;aHHOH pa6oTe BnepBbie no- 
Ka3aHO, hto mojkho paccMaTpHBaTb cjiynaii pa3jiHHHbix npeflejiOB 
b ochobhom HHTerpajibHOM ypaBHGHHH. Hmchho TaKaa paccTaHOB- 
Ka npe,n;ejiOB h no3BOjiHjia oxBaTHTb 6ojiee ihhpokhh Kjiacc noTeH- 
HiiajiOB c oco6eHHOCT3MH b Hyjie. KpoMe Toro, yKa3aHHbiii cnoco6 
no3BOjiaeT paccMaTpHBaTb peineHHH c 6ojiee o6hhimh HanajibHMMH 

yCJIOBHSMH. 

• H3jio?KeHHaH TexHHKa nojiHOCTbio nepenocHTca: h Ha 3aflany o no- 
CTpoeHHH HeKjiaccHnecKHx onepaTopoB o6o6ineHHoro cjTBHra. ,H, aH ~ 
Has 3ajj,aHa no cymecTBy SKBHBajieHTHa BbipajKeHHio penieHHii 
ypaBHCHna 

B a , x u(x, y) - q(x)u(x, y) = B{3. y u(x, y) (196) 
nepe3 peineHHa HeB03MymeHHoro BOJiHOBoro ypaBneHHH npn Hajin- 

HHH flOnOJIHHTejIbHMX yCJIOBHH, 06eCneHHBai0HI,HX KOppeKTHOCTb. 

TaKHe npeflCTaBjieHHH nojiynaiOTCH ysce H3 cpaKTa cymecTBOBaHHH 
onepaTopoB npeo6pa30BaHHH h royHajiHCb fljia HecHHryjiapHoro cjiynaa 
(a = /3 = 0) b [24-26] KaK cjiejj,CTBHH o6meii Teopnn o6o6meHHoro 
cjj,Bnra. HHTepecHaa opnrHHajibHaji MeTOJXHKa jijih nojiyneHna nojj,o6Hbrx 
npejj,CTaBjieHHii TaKsce b necnnryjiapHOM cjiynae pa3pa6oTaHa b pa6oTax 
A. B. Bopobckhx [286-287]. Ife pe3yjibTaTOB HacToaineii pa6oTM cjie- 
/ryiOT HHTerpajibHbie npejj,CTaBjieHna HeKOToporo no/n-cjiacca penieHHii 
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ypaBHeHiia (196) b o6meM CHHryjispHOM cjiynae pjin floCTaTOHHO npoH3- 
BOJibHbix noTeHHiiajiOB c oco6eHHOCTHMH b Hanajie KOopflHHaT, npiineM 
oneHKH peineHHH He coflepscaT Heonpe/jejieHHbix nocTOHHHBix. 

KaK y»;e OTMenajioct, Tpn sa^ann o nocTpoemin onepaTopa npeo6- 
pa30BaHHa, npeflCTaBjieHHH penieHHii B03MymeHHoro ypaBHeHHH h Ha- 
xojk^chhh onepaTopa o6o6meHHoro cflBHra no cymecTBy SKBiiBajieHT- 
Hbi, nosTOMy /jajiee pe3yjibTaTbi npiiBO,zi,HTca pjin sa^ann o nocTpoeHHH 
onepaTopa npeo6pa30BaHHH. 

BBe^eM HOBbie nepeMeHHtie h cpynKnnn no cpopMynaM: 

t + r t — r _ 

^=—' ??= ^~' ^^ >0 ; 

A-(r,t)= Q"p(r,i), ufoi,) = £ + »?)■ (197) 

06o3HannM v = a — 1. TaKHM o6pa30M, /jjih o6ocHOBaHHH npeflCTaB- 
jichhh (192) fljia peineHHH ypaBHeHHH (195) floCTaTonno onpe^ejiHTb 
cpyHKnnio u(£,r]). ^OKasaHO [255, 282-283, 382], hto ecjin cymecTByeT 
ppajupfA HenpepbiBHO flncpcpepeHnnpyeMoe penieHne tt(£, rj) HHTerpajib- 
Horo ypaBHeHna 



i(t,v) = ~\ j ' R v {s,Q;t,rj)q{s)ds- 



- J ds J q(s + t)R v (s,t;€,T})u(s,t) dr, 

npn ycjiOBHHX 0<T<ry<^<s, to HCKOMaa cpyHKinrii P(r, t) 
onpeflejineTCH no (popMyjiaM (197) nepe3 sto penieHne u(£, rj). cpyHKnna 
Rv = Ra-i aBjiaeTca cpyHKniien PnMaHa, B03HHKaioni,eH npn pemeHnn 
cjie/ryioineH 3a,n,aHH pjisi CHHryjiapHoro rnnep6ojiHnecKoro ypaBHCHHH 

d 2 u(£,n) 4a(a — l)fn .. . ,. . , . 

' 1 -«(£,»7) = ?(£ + »?)«(£, »?), 



d£dri (£ 2 -V 2 ) 2 

OO 

u^,0) = ~ j q(s)ds. 
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3ia cpyHKinia H3BecTHa b hbhom BHfle, OHa BbipajKaeTCH Hepe3 rimep- 
reoMeTpHHecKyio (pyHKiriiio Taycca 2-F1 

^ - To To ' 7^ To 2-t'l -15 77 ' To T5 



T 

3to Bbipa>KeHHe ynpomeHO b [255, 282], iyje noKa3aHO, hto cpyHKHHH 
Pinviaim b paccMaTpHBaeMOM cjiynae BbipajKaeTCH nepe3 cpyHKipiio Jle- 
»caH/],pa no cpopiviyjie 

/1 + A\ n 2 - t 2 s 2 - £ 2 

J2 v (*,r,^„) = P^ T — 5 J, A = J J _— -^-i^. (198) 

Ochobhoh pe3yjibTaT co,n;epjKHT 

TeopeMa 44. IlycTb (pyHKifiia q(r) e C 1 (0, 00) y^OBjieTBopaer ycjio- 

BHK) 

00 

|«(s + t)| s$ \p(s)\, Vs,Vt, < t < s, y |p(t)|dt < oc,V£ > 0. (199) 



Torp,& cymecTByer HHTerpajibHoe wpeflpT&Bjieime Biifla (192), sippo ko- 
roporo yffOBjieTBopxeT ou,eHKe 

l«n.»K(i)*i/^(^^)w,»* 



t + r 



• exp 



t-r\l f ( y ^(f + r 2 )-{t 2 -r 2 ) 



YIpii 3tom Rflpo onepampa npeo6pa30Banasi P(r,t), a raKxe pememie 
ypaBHeHiix (1 96 ) xbjishotcsi ^Ba^K^hi HenpepMBHO flHcpcpepeHijHpyeMhi- 
mh Ha (0, 00) no cbohm apryMeHTaM. 

IlepeHHCjiHM Kjiaccbi noTGHiniajiOB , jiirn KOTopbix BbinojiHeHM ycjio- 
bh2 (199). Ecjih \q{s)\ mohotohho y6biBaeT, to mojkho npiiHHTb p(s) = 
\q(s)\. flflsi noTeHiriiajiOB c npon3BOjibHOH oco6eHHOCTbio b Hanajie ko- 
op,u;HHaT 11 B03pacTaiomHx npH < r < M (HanpiiMep, KyjiOHOBCKHx 
q = — i), KOTopbie o6pe3aHbi HyjieM Ha GecKOHenHOCTii, q(r) = 0, r > M, 
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mojkho npiiHHTb p(s) — \q(M)\, s < M, p(s) = 0, s M. Ycjiobhio (199) 
6yzryT TaKsce yn,OBjieTBops:Ti> noTeHiniajifci c oneHKOii q(s + r) ^ c|g(s)| 
(Ha B03MOJKHOCTB no,no6Horo ycHjieHHH TeopeMbi 44 BHiiMamie aBTopa 
o6paTHji B. B. KaTpaxoB). 

3aMeHaHHe. OaKTiinecKii npn flOKa3aTejibCTBe npHBe,n,eHHOH Teope- 
mbi He HyjKen hbhbih bha (pyHKHiiH PnMaHa (198). HcnojiB3yeTCH tojib- 
ko cymecTBOBaHne cpyHKHira PHMaHa, ee nojiosKHTejibHOCTb h HeKOTopoe 
cncirHajibHoe cbohctbo mohotohhocth. 3th (paKTbi sbjihedtch aobojibho 
o6ihhmh, nosTOMy nojiyneHHtie pe3yjibTaTbi mojkho nepeHecTH Ha floCTa- 
tohho ninpoKHH Kjiacc flH(pcpepeHHHajibHbix ypaBHeHHH. 

IlpHBefleM ynpomeHHyio oneHicy fljia H^pa On b nepBOHaHajitHtix 
nepeMeHHbix. Ilpn ee BbiBOfle cymecTBeHHMM OKa3biBaeTca tot cpaKT, 
hto Hflpo BbipajKeHO He nepe3 o6myio rnnepreoMeTpHHecKyio cpyHKHHio 
Taycca, a nepe3 Gojiee npocTyio cpyHKinno JlejKaH^pa, pjisi KOTopoii mox- 
ho ycTaHOBHTb h Hcnojib30BaTb cneirHajibHbie CBOficTBa mohotohhocth. 

TeopeMa 45. TLycTb BbinojiHeHhi ycjiOBiix Teopeubi 44. Tor^a p,nsi 
xppa onepampa npeo6pa30BaHHH P(r, t) cnpaBefljiHBa oneHKa 



1 



if 



2tr 



OO 

J \p(y)\ 



dy 



■ exp 



t - r 



P„ 



t 2 + r 2 
2tr 



\[p{y)\dy 



Otmcthm, hto npn r — > fl,a,po HHTerpajibHoro npe^CTaBjieHHH mo- 

JKfiT HMeTb 9KCnOHeHH,HajH>HyK) OCo6eHHOCTb. 

J\jir Kjiacca noTeHiniajiOB co CTeneHHOft CHHryjiapHOCTbio BH/ja 



g( r ) =r (-2/3 + l) 5 /3>0 



(200) 



nojiyneHHtie ohchkh mojkho ynpocTHTb He CHHJKaa hx tohhocth. 

TeopeMa 46. PaccMorpuM noTeuiiaaji snpp, (200). Tor/ia TeopeMa 
44 BbinojiHaeTca c OLreHKOit 



\P(r,t)\ < 



rm - 1 D -p (t 2 + r 2 



rj (t 2 - r 2 Y ' Pa - X 



2tr 



■ exp 



t-r\ T{fi)A^ p l > 

-**-v 1 



r ) {t 2 ~r 2 Y~ 



2tr 
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/JaHHaH oueHica nojiy^aeTCH nocjie aobojibho ajihhhbix BBiHHCjieHHft c 
Hcnojib30BaHHeM 3HaMeHHTOH TeopeMbi CjieftTep-MapiiHeBa [235], koto- 
paa noMoraeT bhhhcjihtb b TepMHHax rnnepreoMeTpHHecKHx (pyHKiniii 
Heo6xoflHMbie HHTerpajiti nocjie hx CBefleHHH k CBepTKe MejuiHHa. 

IlocjieflHHa ou,eHKa Gtuia nojiyneHa b pa6oTe [255] pjisi noTeHiniajia 
q(r) = cr~ 2 , pjix KOToporo (3 = |. KaK cjieflyeT H3 [102], b stom cjiynae 

cpyHKinia JlejKaHflpa P v X ^ 2 (z) mojkct 6htb Bbipa»ceHa nepe3 sjieMeH- 
TapHbie cpyHKinin. IIosTOMy h cooTBeTCTByromaH oneHica mojkct 6biTb 
BbipajKeHa nepe3 ajieMeHTapntie cpy hkhhh . 

^pyrHM noTGHi^iiajiOM , fljia: KOToporo paccMaTpnBaeMaa oneHKa 
oueHica MOJKeT 6biTb BtipajKeHa nepe3 sjieMeHTapntie cpyHKHiiH, hbjih- 
eTca noTCHipiaji BH^a q(r) = r~ 2l3+1 , rjih KOToporo /3 = a — 1. 

Pe3yjibTaT noflo6Hbiii TeopeivraM 44-46 mojkho Hcnojib30BaTB eme 
,n;ByMH cnoco6aMH. Bo-nepBbix, oh SKBHBajieHTeH flOKasaT&iibCTBy cy- 
m,ecTBOBaHHa OOC, onpeflejiaeMbix Ha penieHHHx ypaBHeHHH 



Bo-BTopbix, nojiynaiOTCH npaKTHnecKH HBHbie cpopMyjiti pjisi BbipajKe- 
hhh penieHHH ypaBHeHHH (201) nepe3 penieHHH BOjiHOBoro ypaBHeHHH. 
MeTOfl nojiyneHHa: HBHbix HHTerpajitHtix npe,n,CTaBjieHHH penieHHH CMe- 
HiaHHbix 3a,n;aH pjin ypaBHeHHH BH,u;a (201) — sto CTaHflapTHoe npHMeHe- 
HHe Oil h OOC, fljia cjiynaa BTopoii npoH3BO,u;HOH oh no,u;po6HO pa3pa6o- 
TaH b [24-26] . HHTepecHbifi flpyroii no/i,xofl k BtiBO/iy no/i,o6Hbix cpopMyji 
/yiH cjiynaa, Koiyja CHHrynnpHoe cjiaraeMoe b (201) OTcyTCTByeT (bojiho- 
Boe ypaBHCHne ajih HeoflHopoflHOH cpe/nj), npe^,jio»:eH b [286-287], cm. 
TaKsce [288]. 

yKa3aHHbie pe3yjibTaTbi (nocTpoemie OOC, npe^CTaBjieHHe penieHHii 
CMeinaHHbix 3a,naH nepe3 penieHHH BOjiHOBoro ypaBHeHHH) nojiynaiOTCH 
h fljia 6ojiee oGmero cjiynan 



2v + l d 

x dx 



u{x, y) - q(x)u(x, y) = jr^u(x, y). (201) 




2v + l d 

x dx 



2/i+l d 
V dy 



u(x,y) - q(x)u{x,y) = 



u{x,y) -p(y)u(x,y) 



(202) 



TeM »ce MeTOflOM, pa3pa6oTaHHMM b [282-284]. 
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10. KoMno3Hu,HOHHMH MeTOfl nocTpoeHHH onepaTopoB 
npeo6pa30BaHHH pa3JimHbix KJiaccoB. 

KoMno3Hn;HOHHijiii MeTOfl nocTpoeHHH Oil 6mji nepBOHanajibHO ony6- 

JIHKOBcLH B.B.KaTpaXOBbIM H aBTOpOM B c6opHHKe [289], IIOCBflmeHHOM 

naMHTH HOBOCH6HpcKoro MaTeMaTHKa Bopiica AjieKceeBHna By6HOBa, 
cm. TaK»ce [290, 373]. 9tot MeTO,n, ocHOBaH Ha cpaKTopH3aHini On Hepe3 
KjiaccHnecKHe HHTerpajibHbie npeo6pa30BaHHH, TaKne KaK CDypbe, Jla- 
njiaca, XaHKejia h noflo6Hbie hm. Ilpn stom y^aeTCH HaBecTH floCTaTOH- 
ho aKKypaTHbiii nopaflOK bo bcSm MHoroo6pa3HH On. KoMno3HHHOHHbiH 
MeTO^i, flaeT ajiropHTMti He tojibko ,h,jih nocTpoe-HiiH MHOJKecTBa HOBbix 
On, ho co^epjKHT KaK nacTHbie cjiynan On Cn,ZL, BeKya Spppmi- 
JlayH^eca, ByniMaHa-3pfleHH, yHHTapHtie On (211), o6o6meHHBie one- 
paTopbi 3pfleiiH-Ko6epa, a TaKJKe BBefleHHtie P. KsppojiOM [4-6] Kjiaccti 
sjijinnTHHecKHx, rnnep6ojiHHecKHx h napa6ojiHHecKHx On h hx o6o6me- 

HHH. 

06maH cxeivia KOMno3HiniOHHoro MeTO^a cneflyioiHaH. Ha Bxofl no^a- 
eTCH napa onepaTopoB nporaBOjitHoro BH^a A, B, a TaKste CBjraaHHtie c 
hhmii o6o6m;eHHbie npeo6pa30BaHHH <E>ypbe F(A),F(B), KOTopbie o6pa- 
THMbi h fleiicTByiOT no cpopMynaM 

F(A)A = g{t)F{A),F{B)B = g(t)F(B), (203) 

iyje t — flBoiicTBeHHaa nepeMeHHaa (b npocTeiiiHHx cjrynaax Kjiaccirae- 
ckhx HHTerpajibHbix npeo6pa30BaHHH mojkho iiphhhtb g(t) = —t 2 ). Ha 
Bbixo,n,e nojiynaeM napy On, cnjieTaiomHx A h B. 

TeopeMa 47. Onpe/rejinM napy b3&iimho o6paTHhix oneparopoB no 
cpopuyjiaM 

S = F-\B)-^F{A), P - F-\A)w{t)F{B) (204) 

c npon3BOjibHOit BecoBoit cpynKnnen w(t). Tor^a onn sibjisiiotcsi OTI, ko- 
rophie y/roBjieTBOpsnoT cnjieTamnjnM cooTnoniennaM 

SA = BS, PB = AP. 

Pa3yMeeTCH, TeopeMa 47 — 3to tojibko cpopMajiBHan cxeMa fljia no- 
CTpoeHHH On MeTOflOM KOMno3HD,HH HHTerpajibHbix npeo6pa30BaHHH. 



100 



Sitnik S. M. 



CDopMyjiiipoBKa tohhoto pe3yjibTaTa flOjiJKHa co,n,ep}KaTb nepenHCjieHHC 
npocTpaHCTB, b KOTopbix KoppeKTHO fleftcTByiOT Bee 3afleiicTBOBaHHi>ie 
onepaTopbi. Ho mojkho paccMaTpiiBaTt KOMno3HHHOHHbiH MeTOfl KaK 
(popMajibHbiii peuenT jxjul nocTpoeHHH c ero noMombio KOHKpeTHbix Oil, 
a yste nocjie Toro, KaK nojiyneHbi HBHbie cpopiviyjibi /yin KOHKpeTHbix Oil, 
no,u;6op Hyambix cpyHKHHOHajibHbix npocTpaHCTB KaK npaBHjio HBjiaeTCH 
HecjiojKHOii 3aflaneH. 

HecMOTpa Ha cboio npocTOTy, npHBefleHHaa Bbiine cxeivra nocTpoeHiis: 
Oil KOMno3Hu,HOHHbiM MeTOflOM no3BOjiHeT nojiyHHTb Bee H3BecTHbie pa- 
Hee b hbhom BHfle Oil, a TaKsce nocTpoHTb 3HaHHTejibHoe hhcjio hobhx 
On c 3apaHee sa^aHHBiMH nojie3HbiMH CBOHCTBaMii. 

OTMeTHM, hto BBH^y HajiHHHH BecoBbix cpyHKHiifi b npe^jiaraeMoii 
cxeMe KOMno3iin;HOHHoro MeTO^a 3HaHHTejibHyio pojib b oniicaHiiii cpyHK- 
u,HOHajibHbix npocTpaHCTB, b KOTopbix fleftcTByiOT nocTpoeHHbie On, 
nrpaiOT BecoBbie ohchkh p/in pa3jiHHHbix KjiaccnnecKHx HHTerpajibHbix 
npeo6pa30BaHHit. 3to BecbMa pa3pa6oTaHHbin pa3,neji TeopHH (pyHKiiHH, 
coflepjKamHH 6ojibuioe hhcjio KpacHBbix h nojie3Hbix pe3yjibTaTOB c mho- 

rOHHCJICHHblMH npHJIOJKCHHHMH. 

Ha npaKTHKe name Bcero Hcnojib3yiOTCH HHTerpajibHbie npeo6pa30- 
BaHHH Oypbe, CHHyc h KOCHHyc npeo6pa30BaHHH, a TaKsce npeo6pa30Ba- 
HHe XaHKejia, KOTopwe mm onpeflejiHM TaK: 



npn BBefleHHbix HopMHpoBKax Bee 9th npeo6pa30BaHHH yHHTapHbl B 
L 2 (0, oo) h 3a HCKjiiOHeHHeM npeo6pa30BaHna <3>ypbe Tpn nocjieflHHx H3 
hhx coBna^aiOT co cbohmh o6paTHbiMH [34, 291]. B flajibHeflineM c^ejiaeM 
caMbiii OHeBHflHbifi Bbi6op g(t) = —t 2 . 

B nacTHOM cjiynae, Koiyja ctpohtch On, cnjieTaiomHe onepaTop Bcc- 
cejifl h BTopyio npoH3BO,n;Hyio, to ecTb A — i?„, B = -r-y b o6o3HancHHHx 
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TeopeMbi 47, cxeMy KOMno3Hu;HOHHoro MeTOfla mojkho KOHKpeTH3iipo- 

BaTb. 

TeopeMa 48. IlycTb b ycjiOBHfix npepjApynien TeopeMbi 47 paccMar- 
piiBaeTca 3afl,ana o nocTpoennn Oil fljia napbi cnjieraeMbix onepampoB 

A = B »' B = h' 

F c — Kocnnyc npeo6pa30Banne <l>ypbe, H v — npeo6pa30Banne Xanne- 
jia. Tor^a onepaTop, nocTpoeHHbiit KOMno3nnnonnbiM MemflOM c npon3- 
BOjibHoii BecoBoit (pynnnnen no cpopuyjie 

S " = F °(W) H )> (205) 

Ha nopxop^nnnx cpynKunsix XBjixeTCx Oil rnna Connna. J^Jia nero cnpa- 
BepjmBO HHTerpajibnoe npeppTaBjienne 

{S v f){x) = ^J^ K(x,y)f(y)dy, (206) 

xppo KOTOporo BbipaxaeTca no qbopuyjie 

K{x, y) = y^ J™ J v {yt) dt, (207) 

r^e J v {-) — (pynKLfHH Beccejia. 

<X>opAiajibHO o6paTHbilt oneparop, nocTpoennbm KOMno3nnnonnbiM 
Mero^OM c BecoBoit cpynKnnen w(t) no cpopuyjie 

P v = H v (w(t)F c ) , (208) 

na noflxo/ianjnx (pynKunsix XBjixeTCH Oil Tnna Tlyaccona. Jl\nsi nero 
cnpaBefljiHBO nnTerpajibnoe npepfiTaBjienne 

( p «f) (*) = V? /°° G(x ' y)f{y) dy > (209) 

nppo Koroporo Bbipaxaerca: no cpopmyjie 

i r°° 

G(x,y) = — w(t) t v+1 cos(yt)J v (xt)dt, (210) 
xV Jo 
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r^e J v {-) — (jjyHKijHH Beccejix. 

PaCCMOTpHM KpaTKO HeCKOJIbKO npHMepOB npHMeHeHHH KOMn03HU,H- 

OHHoro MeTOfla nocTpoeHira Oil 113 [289-290, 373]. 

IIpHMep 1. nycTb A = B U ,B = £j,F(A) = H„F{B) = F c ,w(t) = 
t a . Torfla npH HCKOToptix orpaHiineHiiflx Ha napaMeTpti nojiynaeM 
HOBoe ceMeiicTBO o6o6iHeHHbix Oil ByiiiMaHa-3p,zi,eHH, 3aBHcam,Hx ot 
flByx napaMeTpoB v 1 a, KOToptie b nacTHbix cjiynaax sbjihiotch o6o6in,e- 
hhhmh onepaTopoB 3p,n,eHH-Ko6epa, CoHHHa-IlyaccoHa, a TamKe Oil 
ByniMaHa-3p/i,eHH nepBoro, BToporo h TpeTtero po/i,OB. CBOHCTBa sthx 
onepaTopoB no,ii;po6HO H3yHeHbi aBTopoM, hx flflpa npn Bcex 3HaneHH- 
ax napaMeTpoB Bbipa>KaiOTCH nepe3 floCTaTOHHO cjiojKHbie KOMGimaniiH 
(pyHKE,Hii JIejKaH,u;pa o6ohx poflOB. 3th pe3yjn>TaTbi 6yn,yT npiiBefleHti 
b roTOBameiicH k iraflaHHio MOHorpaepHH aBTopa. 

PaccMOTpHM caMbiii npocToft nacTHbiii cjiynaft, KOTopbiii npiiBeji k 
nocTpoGHHio paccMOTpeHHbix Bbiine yHHTapHBix npeflCTaBHTejieii ceMeit- 
CTBa Oil ByniMaHa-3p,n,eHH. ^jih SToro HanoMHHM HHTerpajibHoe npe/i,- 
CTaBjiCHiie yHHTapHBix Oil ByniMaHa-3pfleiiH TpeTtero po^a: 




(211) 



- 2 - sin ^ ( f (* 2 - y 2 ) - Ql (1) f(y) dy 

7T Z Jq ME/ 

rj\e P u — (pyHKn;HH JIejKaH,u;pa nepBoro po,n,a, Q\ — cpyHKipiH JIejKaH,n;pa 
BToporo pofla, Q^— (pyHKipiH Jlexasppa BToporo po^a Ha pa3pe3e [102]. 

Ilpn iiomoihh KOMno3Hn;HOHHoro MeTOfla nojiy^aiOTca: cjie^yiomHe 
ecTecTBenHbie cpaKTopiraaipiH sthx onepaTopoB nepe3 KjmcciiHecKiie hh- 
TerpajibHbie npeo6pa30BaHHH. ^jih 3Toro floCTaTOHHO b TeopeMe 48 bbi- 
6paTb nocToaHHyio BecoByio cpyHKixHio w(t) = 1. 
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TeopeMa 49. fljm oneparopoB BymMana-Spflenn Tperbero po^a 
cnpaBefljiHBhi (popMyjibi cpaKTopn3amm *iepe3 nmerpajibnbie npeo6pa- 

30BaHIlfI BHfla 

Sjj — F c H„, — H v F c . (212) 

IlojiyneHHBie cpopMynti, npeflCTaBjiflioiiiiie onepaTopbi ByniMaHa- 
3p,n;eHH TpeTtero po^a b BH,n;e KOMno3Hinin ,a,Byx yHHTapHbix npeo6pa- 
30BaHHii, flejiaiOT OHeBHflHtiM yHHTapHOCTb h caMHx 3tiix onepaTopoB. 
HMeHHO TEtKHM cnoco6oM ohh ii 6bijiii BnepBtie nocTpoeHbi aBTOpOM. 

n P H M ep 2. IlycTb A = B V ,B = B^ F(A) = H v , F(B) = w(t) = 
t a . Torfla nojiynaiOTCH onepaTopbi c,zi,BHra no napaMeTpy Tv^jl , H,npa ko- 
Topbix BbipajKaiOTCH nepe3 rnnepreoMeTpnnecKne cpyHKniin. CaMHM iih- 
TepecHBiM H3 hiix npeflCTaBjiaeTCH Oil npii Bbi6ope a = 

(T^f)(x) = jf° y (, 2 - M dy, 

KOTOpblH He 3aBHCIIT OT CaMHX SHaHeHHH l>, fl, a TOJII>KO OT BejIIIHHHbl 

'cnycKa' no pa3HOCTH napaMeTpoB v — \i. 3to onepaTop Tnna Bpflenn- 
Ko6epa, OTKpbiTbiii A. 3p,u;eHH [34]. OnepaTopti cnycxa no napaMeTpy 
no3BOjijnoT ycTaHaBjiHBaTb (popMyjibi cbh3h Meyapy peineHnaMn ypaBHe- 
hhe c onepaTopaMH Beccejia c pa3jinnHt.iMH napaivieTpaMH, sto xoponio 
H3BecTHbiii noflxo/i, b Teopnn ypaBHeHnii c nacTHbiMH npon3BO,a,HbiMH, 
HanpnMep npn cnycKe no pa3MepHOCTn npocTpaHCTBa k o,n,HOMepHOMy 
cjiynaio. flpyroit no,nxo,n, k nocTpoeHnio no,n;o6Hbix onepaTopoB cflBnra 
no napaMeTpy, sto HCKaTb nx b Bn^e npo 3Beppmisi onepaTopoB Tnna 
CoHHHa n IlyaccoHa T„ jAl = P ll S Vl nocjieflHne mojkho onaTb CTponTb 
KOMno3Hn;HOHHbiM MeTOflOM, npnncM c pa3HbiMH BecoBtiMH cpyHKiniHMH. 
3tot pe3yjn>TaT mbi ccpopMyjinpyeM OT,a,ejibHO. 

TeopeMa 50. IlycTb p&na napa S v , P^ Oil Tuna Comma n Ilyacco- 
Ha, y^OBjieTBopaiomasi cnjieTamumm cooTnomennaM 

d 2 d 2 d 2 27 + 1 d 

SvBv = d^ S ^ P ^ = B » P » B i =dx^ + ~^Tx (213) 

Memffy BTopoit npon3BOjmon 11 onepampoM Beccejia _B 7 . Toiyja no can- 
non nape Oil Tnna Comma n Hyaccona n npon3BOjibnoro KOMMym- 
pyionjero co BTopoit npoH3BOflnoii onepampa K(x) mo>kho onpeptdjiwib 
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onepamp c/i,BHra no napauerpy no (popmyjiam 

T u ,n = P„K{x)S v , K{x)^ = ^2*"(*)» ( 214 ) 

KOTOphiit 6ypfiT yppBjieTBOpsiTb onpe^ejisnonipMy cooTnoniennio 

T V ^B V = BpT v ^ (215) 

n ocymecTBjiRTb cppm? no napamerpy fln(p(pepenifnajibHoro oneparopa 
Beccejis. 

3Ta TeopeMa eme pa3 noflHepKHBaeT BajKHOCTb pjisi Teopnn Oil Tex 
onepaTopoB, KOToptie KOMMyTiipyiOT co BTopofi npoH3BO,n,HOH hjih boo6- 
me c npoH3BO,n;HbiMH. HanpiiMep, b KanecTBe Taxiix onepaTopoB mox- 
ho Bbi6paTb /i,po6Hbie HHTerpajibi PHMaHa-JIiiyBiijijis: Ha no/rxoflHiinix 
(pyHKn,HHx. B KanecTBe nacTHoro cjiynaa npH v = /i H3 TeopeMbi 50 no- 
jiy^aeTCH ajiropiiTM fljia KOHCTpynpoBaHiiH onepaTopoB, KOToptie kom- 
MyTiipyiOT Ha no,n;xo,zi,HiHHx (pyHKiniax c AHepcpepeHiniajitHtiM onepaTO- 
poM Beccejia. 

BipHMcp 3. Ilpn 3HaneHHHx v — n H3 npeflbiflymero npnivicpa 2 no- 
jiynaeTCH ceMeftcTBO onepaTopoB, KOMMyTHpyEonnix c onepaTopoM Bec- 
cejia, Hflpa KOToptix BbipajKaiOTca nepe3 cpyHKHHH JlexcaHflpa nepBoro 
h BToporo pOflOB. 

IlpHMep 4. IlycTb Bbi6paHO A = B^,B = B v — X 2 ,w(t) 

F(A) = F(B) = -j y»+\j v (yVt 2 + X 2 ) f(y) dy. (216) 

Torfla no cpopMyjiaM (204) nojiynaeM OB: THna BeKya-Bp/jeita- 
JlayH^eca BH,n,a 

Sf = x x +V -„J y ^_ x 2^ 2 Ji/ _^_ 1 (x^^Jf(y)dy. 

(217) 

3to b tohhocth On, BBefleHHbiit JlayHflecoM [34], oh TamKe 3aBHCHT 
tojibko ot BejiHHHHbi cflBHra no napaMeTpaM. Otmcthm, hto Ha ocHOBe 
KOMno3Hn;HOHHoro MeTOfla mojkho h3jiojkhtb bck> TeopHio On BeKya- 
BpfleiiH-JIayHfleca, npn stom pojit o6o6mcHHoro npeo6pa30BaHHH XaH- 
Kejia nrpaeT BbipajKEHHe (216). 
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06o6m,aH KjiaccHcpHKannio P. Kappojia, mm Ha3BajiH Oil ^;jia oncpa- 
Topa Beccejia H3 npHBe,n,eHHbrx npHMepoB B -zunepSojiunecKUMU. B pa- 
6oTax [289-290] TaKJKe paccMOTpeHO npinvieHeHiie KOMno3HiniOHHoro Me- 
TO,n,a k nocTpoemiio B -aAJiunmunecKux Oil co cbohctbom TB v = —D 2 T 
h B -napa6ojiuuecKux Oil co cbohctbom TB v = DT . 3ia KjiaccncpHKa- 
ixhh ecTecTBeHHa, Tax KaK ocHOBaHa Ha THne ypaBHCHHii b nacTHbix npo- 

H3BOflHBIX, KOTOpOMy yH,OBJieTBOpHIOT SIRP& OnepaTOpOB COOTBCTCTByiO- 

iithx npeo6pa30BaHHH. 

B yKa3aHHOM MeTO^e mojket 6bitb ncnojib30BaH h onepaTop KBa,u;pa- 
THHHoro npeo6pa30BaHHH Qypte (KI1<J>, ,n;po6Hoe npeo6pa30BaHHe Oy- 
pbe, npeo6pa30BaHHe <J>ypbe-<J>peHejiH) , cm. [292-294]. 3to BajKHoe hh- 
TerpajibHoe npeo6pa30BaHHe HefloCTaTOHHO innpoKO h3bcctho (noxa), 
oho bo3hhkjio H3 npe/rjiojKeHHH QpeHejra 3aMeHHTb CTaH,n,apTHHe njioc- 
khc BOjiHbi c jiHHeiiHbiMH apryMeHTaMH b SKcnoHeHTax Ha 6ojiee o6mHe 

BOJIHbl C KBaflpaTHHHblMH apryMeHTaMH B SKCnOHeHTaX, HTO n03BOJIHJIO 

nojiHOCTbio o6 r bHCHHTb napa,n,OKCbi co cneKTpajibHbiMH jihhhhmh npn ppi- 
cppaKinm OpayHrocpepa. MaTeMaTnnecKH onepaTO pti KIIO hbjihiotch 
,u;po6HbiMH CTeneHHMH F a o6r.inHoro npeo6pa30BaHHH Qypte, floCTpan- 
Baa ero ,n,o nojiyrpynnbi no napaMeTpy a, ohh 6bijiH onpeflejieHbi H. Bh- 
HepoM h A. BefijieM. B TeopHH BcnjiecKOB, b KOTopofi npnHHTO KajK/ryio 
(popMyjiy CHHTaTb hoboh h Ha3biBaTb no-HOBOMy flaBHO H3BecTHBie Be- 
nin, KIIO Ha3biBaeTCH npeo6pa30BaHHeM Ta6opa. Il3jiojKeHHbiH bbihic 
KOMno3HHHOHHbiH MeTOfl no3BOjineT c noMonxtio SToro npeo6pa30BaHHH 
CTpoHTb Oil pjia o,u;HOMepHoro onepaTopa IIIpe^HHrepa H3 KBaHTOBOii 
MexaHHKH. IIpH 3tom mojkct 6biTb Hcnojib30BaHO h 6ojiee o6inee KBa/r- 
paTHHHoe npeo6pa30BaH e XaHKejia (KIIX) [295]. 

KpaTKO H3JIO)KHM OCHOBHBIC (paKTbl, OTHOCHIHHeCH K TeOpHH flpo6- 

Horo hjih KBaflpaTHHHoro npeo6pa30BaHHa cDypte-QpeHejia, Hcnojib3ya 
MaTepnajibi flnccepTaniiH ^.B.Kapna [383]. K STOMy TCKCTy mbi noxa 
OTCbijiaeM HHTaTejia h no noBO^y Bcex ccbijiok no TeopHH KilO. 

Ilejitie CTeneHH (op6nTa) KjiaccnnecKoro npeo6pa30BaHHH Qypbe 06- 
pa3yK)T niiKjinnecKyio rpynny nopaflKa 4, npn stom neTBepTaa CTe- 
neHb SToro npeo6pa30BaHHa ppier TOJKflecTBeHHbin onepaTop. Iio3to- 
My, b nacTHOCTH, cneKTp KjiaccnnecKoro npeo6pa30BaHHH Oypbe b 
L2{— 00,00) coctoht H3 neTbipex ToneK, pacnojiojKCHHBix Ha eflHHii- 
hoh OKpyjKHOCTH: 1, i, —1 h —i. . Hflea bkjhohhtb 3Ty /niCKpeTHyio 
rpynny b HenpeptiBHyio co cneKTpoM, n,ejiHKOM 3anojiHjnom,HM efliHm- 
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Hyio OKpyjKHOCTb, npHHa,ii;jie}KHT BHHepy h 6bijm peajiii30BaHa em b pa- 
6oTe 1929 ro^a. HecKOjibKO no3»ce Koh^oh (b 1937) a 3aTeM Ko6ep (b 
1939) He3aBiiCHMO nepeoTKpbijiii 3Ty rpynny, KOTopaa CTajia Ha3biBaTbCH 
,n,po6HbiM npeo6pa30BaHiieM Oypte (,3,11 <P). BaprMaHHy npiiHa,n,jie}KHT 
o6o6m,eHHe Ha MHoroiviepHbiH cjiy^iafl:. 

BnocneflCTBiiii ,u;po6Hoe npeo6pa30BaHiie <Dypbe Heo^HOKpaTHO ne- 
peoTKpbiBajiocb uejibiM pa^OM aBTopoB. B KHiire AHTOCHKa, MincycHH- 
CKoro h CiiKopcKoro nofl Ha3BaHiieM "npeo6pa30BaHiie CDypbe-Mejiepa" 
ynoMiraaeTCH UHKjiHHecKaa rpynna npoiOBOjibHoro nopa/H-fa, b KOTOpyio 
mo5kho BKjiiOHHTb npeo6pa30BaHHe Oypbe. flllO irayHajiocb rimaHflOM 

H BojIBCpOM. BaBp^KHHHHK B IipHXOflHT K ,3,n<I> paccMaTpiiBaa KJiaCCH- 

necKoe npeo6pa30BanHe Oypbe b BH^e SKcnoireHTbi ot npoii3BO,n,Hiii,ero 
onepaTopa. B.O. Ochiiobbim HG3aBnciiMO ot npeflBiflyiHiix aBTopoB no- 
CTpoeHa Teopiia fllKP Ha rpynnax h BBefleHbi cooTBeTCTByromiie noHTH- 
nepnoflHHecKHe cpyHKixHii Bopa-OpeHejia, ii3yHeHbi aciiMnTOTHHecKiie 
CBOiicTBa 3Toro npeo6pa30BaHHH, paccMOTpeHBi npiijiojKeHHH b rapMOHH- 
necKOM aHajiH3e h Teopiiii niiceji [384-385]. HaMiiac nepeoTKpbiji ppo6- 
Hoe npeo6pa30BaHHH cpypbe h iicnojib30Baji ero pjisi peiiieHHH hckoto- 
pbix 3a/i,aH jijisl ypaBHeHna IHpe/piHrepa. Kepp HCCJie^OBajia ,n,po6Hoe 
npeo6pa30BaHHe <l>ypBe b npocTpaHCTBe L 2 h npocTpaHCTBe HlBapu,a S. 

OT/jejibHoe HanpaBjieHne HCCjie,zi,OBaHHH CBH3aH0 c /ipo6HbiM npeo6- 
pa30BaHHGM cpypbe npii hhcto MHHMbix 3HaHeHHHX rpynnoBoro napa- 
MeTpa. B 9tom cjiynae name Bcero BCTpe^aeTCH Ha3BaHHe "nojiyrpynna 
3pMHTa". Hanajio 3T0My HanpaBjieHHio nojiojKiuia CTaTbH Xmijie 1926 
ro/i,a, b KOTopofl: onepaTop /IIIO npii mhhmbix 3HaneHHHx napaivieTpa 
B03HHKaeT b CBS3H c cyMMHpoBaHHCM MeTOflOM AGejia pa3jio?KeHHH no 
nojiHHOMaM 3pMHTa. IIo3,ii,Hee, "nojiyrpynna 3pMHTa" 6bijia ncnojib30- 
BaHa Ba6eHKO, BeKHepoM h BaifcjiepoM pjia nojiyneHira nepaBeHCTB b 
TeopHH KjiaccH^ecKoro npeo6pa30BaHira CDypbe. 

Otmgthm, hto KBa^,paTHHHoe npeo6pa30BaHiie Oypbe HBjiaeTca op- 
tion H3 flpyx ocHOBHbix cocTaBjiaiomnx (Hapafly c HepaBGHCTBaMii pjm 
cpeflHHx 3HaHCHHH b KOMnjieKCHOfl iijiockocth cneipiajibHoro BHfla), KO- 
Topbie 6bijiH Hcnojib30BaHbi CHanajm K.H. Ba6eHKO pjin nacTHbix cjiy- 
naeB, a 3aTeM BeKHepoM fljia: o6m,ero cjiynaa npn flOKa3aTejibCTBe 3tia- 
MeHHTbix ycjiOBHfi orpaHiraeHHOCTii o6biHHoro npeo6pa30BaHHH CDypbe 
b npocTpancTBax L p c tohhmmh nocTOHHHbiMH. ^pyriiM HHTepecHbiM 
npiiMGHCHHGM KBaflpaTHHHoro npeo6pa30BaHHH CDypbe hbjthgtch Kpyr 
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BonpocoB, CBH3aHHt>ix co 3HctMeHHTOH 3a,naHe ft IlayjiH no onpe,n;ejieHHio 
(pyHKinin no HGKOTopoMy Ha6opy cneKTpajibHbix flaHHbix. no,u;o6Hbie 3a- 
fla^in, o6bihho Hepa3peniHMbie fl.na KjiaccnnecKoro npeo6pa30BaHna, Ha- 
xo,h,ht sjieraHTHbie penieHna b paMKax KnOO. 

npnMeHenna ,ii;po6Horo npeo6pa30BaHna Oypbe ctojib »ce pa3HOo6- 
pa3Hbi h o6ninpHbi KaK n KjiaccnnecKoro. IlepenncjinM jinnib HeKOToptie. 
IlpHjiojKeHHHM b KBaHTOBOH MGxaHHKe nocBameHa y»ce ynoMHHaBinaHCH 
pa6oTa HaMnaca. Hcnojib30BaHne ^IIO b onTHKe n anajin3e cnraajiOB 
pa3pa6aTbiBaeTca rpynnoft nccjieflOBaTejieft no,a, pyKOBOflCTBOM OnaKra- 
ca. ynacTHHKaMH stoh rpynnbi HanncaHa KHnra , nejinKOM nocBameH- 
Haa TeopnH h npnjiojKennaM [ a I po6Horo npeo6pa30BaHna Oypbe [386], b 
KOTopofl: nponiiTnpoBaHO hcckojibko coTeH pa6oT no ,n,aHHoft TeMe. Ab- 
Top c yflOBOjibCTBneM npnBO/niT 3Ty cctijiKy, Tax KaK sto e,n,HHCTBeHHaa 
3ana,n,Haa MOHorpacpna, b KOTopoft rae BbipajKeHa 6jiaroflapnocTb bo 
BBefleHHH 3a nojie3Hbie o6cysc,n,eHHa. CjieflyeT 3aMeTHTb, hto XajiflyH 
OnaKTac — sto o/niH h3 KpynHeftninx cnennajincTOB b o6jiacTH MaTe- 
MaTnnecKoft oiithkh h ee npnjiojKeHnft, pa6oTaBinnft flanroe BpeMa b 
CTSHipopfle. MacTapflOM Haft,n,eHbi aHajiorn nepaBeHCTBa Feft3eH6epra, 
HHBapnaHTHbie OTHOCHTejiBHO /i,po6Horo npeo6pa30BaHna CDypbe. Bbijio 
noKa3aHO, hto MHoroMepnoe npeo6pa30BaHne Bnraepa paBHO Kopmo nie- 
croft CTeneHH H3 o6paTHoro npeo6pa30BaHna <3>ypbe, h, cjie,a,OBaTejibHO, 
TaKJKe aBjiaerca nacTHbiM cnynaeM flpo6Horo npeo6pa30BaHna Oypte. 
Bkeoh nojiynnji HeKOTopbie HOBbie (popMyjibi o6pameHHa fljia flpo6Horo 
npeo6pa30BaHHH Oypte. AHajior flpo6noro npeo6pa30BaHna Oypbe ^jia 
g-nojiHHOMOB 3pMHTa 6biji bbc^gh Ackh, H.M. ATaKHnmcBbiM h C.K. 
CycjiOBbiM. ^ajibHennine o6o6mcHHa na onepaTopti c aflpaivrn b cpopMe 
6hjihhchhi>ix npoH3BO^am,nx cpyHKinift nojiHHOMOB AcKH-BnjicoHa pac- 
CMaTpnBajiHCb b pa6oTax Ackh h PaxMaHa. 

JJjpo6noe npeo6pa30BaHne XaHKejia (JXLTK) ropasflo MeHee H3yneHO. 
Oho 6bijio BBefleHO Ko6epoM b h H3ynajiocb rimaHflOM. 3aTeM Gmjio 
HecKOjibKO pa3 nepeoTKpbiTO, HanpnMep, HaMnacoM. flnX 6bijio pac- 
CMOTpeHO Kepp npn flcftCTBHTejiBHBix SHa^ieHnax rpynnoBoro napaMeT- 
pa b npocTpaHCTBC 1/2(0, co) n b npocTpaHCTBax 3eMaHaHa. 

B flHCcepTanini /LB. Kapna [383] paccMOTpe-H floCTaTOHHO o6mnft 
no,n;xofl k nocTpocHHK) no/i,o6Hbix npeo6pa30BaHiift npn noMOinn pa3jio- 
»ceHHa b pa^bi no h3bccthbim CHCTeMaM opToroHajibHbix cpyHKnnft. B 
nacTHOCTH, npn Bbi6ope cncTeMbi cpyHKnnft 3pMHTa nojiynaeTca Kjiaccn- 
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necKoe npeo6pa30BaHiie Qypte, npii Bbi6ope chctgmbi cpyHKiniH ilarep- 
pa — KBaflpaTHHHoe npeo6pa30BaHiie <J>ypbe-<J>peHejiH, a npii Bti6ope 
CHCTeM (pyHKu,HH JlejKaHflpa, He6biineBa hjih FereH6ay3pa nocTpoeHbi 
HOBbie nojiyrpynnti HHTerpajibHbix npeo6pa30BaHHH. 

BbinnineM hbho HHTerpajitHtie cpopMynti pjm KBaflpaTHHHbix npe- 
o6pa30BaHHii Oypte-OpeHejia (KnOO) h XaHKejia (KIIX) 

oo 

{F a f){y)= . 1 fe-^ x2+y2)ctsa e lxvcoscca f{x)dx; (218) 

\/ir(l — e 2ta ) J 



^ ' 

(219) 

PaccMOTpHM KpaTKO cpopMyjibi npeo6pa30BaHHii, KOToptie o6pa3yiOT 
onepan,HOHHoe HCHiicneHiie fljia KIIX. 

BBefleM cjieflyiomiie flHcpcpepeHrpiajitHBie onepaTopbi 

a- v+±. d u +\ d 
A v = x v+ 2 e 2 — x v 2 e 2 = £ + , T + — 

da; a; da; 

,+ *1 d v ,i _£i v+\ d 

AT = x 2 e 2 x v ^i e 2 = i. - x + — 

da; a; da; 

7V„ = a;"- 4 -'— a; - "-! = + — , 

da; x dx 

M v = x v i—x v+ z = + — . 

dx x dx 

3th onepaTopbi CBjraaHti cooTHOiiieHHHMH 

1 , z/ 2 - 1/4 1 9 1/ + 1 1 , , , 

A; = N v +x, A+ = M v - x, (220) 

L„ = M^, x4- + -^-x = N u x + xM v = M v x + xN v , (221) 
dx dx 

06o3HanHM nepe3 X onepaTop yMHOJKCHiiH Ha He3aBHCHMyio nepe- 
MeHHyio. Tenepb mm mojkcm, cne/iya [383], BbiniicaTt Ha6op cpopMyji 
npeo6pa30BaHHH oneparpifi pjm KIIX. 
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i 

= - [(e— - 1)N V + (e~ ia + l)X] H°f, 


(222) 




i 

= - [(e— + 1)N„ + (e- M - l)X] H°f, 


(223) 




i 

= 2^+1 t( eM + W + ( eM - /. 


(224) 


XH?f -■ 


i 

= 2^+1 t( eM - + + !)^] /> 


(225) 


H°Xf -- 


i 

= -[(l- e »)M, + (l + e-)X]^ +1 /, 


(226) 


H?M v f 


= -[(l + e -)M I/ + (l-e iQ )X]^ +1 /, 


(227) 


M„H?,-, f = 


iff" [(1 + e _<a )M„ + (1 - e~ M )X] f, 


(228) 




= ^ [(1 - e~ ia )M v + (1 + e"-)X] /, 


(229) 


Hv+iA v f = e 


~ ia A~H^f, A-H«f = H? +1 e* a A-f, 


(230) 


H«A+f = e ia 


At H" +1 f, A^H^ +1 f = H"e ta A^f, 


(231) 



H?X 2 f 
X 2 H«f = H* 



X 2 cos 2 - - -i sin a [XD + DX] — sin — L v 



o o o; 1 . , o a 

X 2 cos 2 — + -i sin a [XD + DX] - sin 2 -L„ 



(232) 
/, (233) 



-X 2 sin 2 " - \% sin a [XD + DX] + cos 2 



2 2 
a 1 



-X 2 sin 2 | + ±i sin a [XD + DX] + cos 2 



(234) 



(235) 

H° [XD + DX] f = [-isina(X 2 + L v ) + cos a [XD + DX}] H°f, 

(236) 

[XD + DX] H?f = [i sin a(X 2 + L v ) + cos a [XD + DX}] f 

(237) 
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Ilopa BepHyTbca: k TeMe K0Mno3im;H0HH0ro MeTOfla nocTpoeHiia Oil. 
^jia 3thx n,ejieii HaH6ojiee HHTepecHbi cooTHOineHiia (232-233). Corjiac- 
ho oGmeft cxeMBi H3 TeopeMBi 47 mm mojkcm CKOHCTpynpoBaTt Oil, cnjie- 
Taiomne flHipcpepeHiniajiBHBie onepaTopbi D 2 h 

sin 2 |l„ - 1« sin a (XD + DX) - X 2 cos 2 | 



1 , v 2 - 1/4 1 , + l 



4 x 2 4 2 

c npoH3BOjii>HbiMH napaMeTpaMH a, v. JXfis. 3Toro b o6o3HaHeHiiflx Teo- 
peMBi 47 naflo nojicoKHTt 

sin 2 sin a (XD + DX) - X 2 cos 2 |^ , B = D 2 , 

F(A)=H?,F(B) = F c ,g(t) = -t 2 , 

rpfi — KBaflpaTHHHoe npeo6pa30BaHne OypBe-OpeHejia, F c — koch- 
Hyc npeo6pa30BaHne Qypte. 

O nojib3e Oil fljia TeopnH flHCKpeTHoro npeo6pa30BanHH Oypte cm. 
[296]. 
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11. HeKOTopue npnjiojKeHHH MeTO/;a onepaTopoB 
npeo6pa30BaHHH. 

B 3tom nyHKTe oneHb KpaTKO nepenncneHbi HeKOTopwe npnjiojKeHHH 

on. 

1. TeopHH o6paTHi>ix 3a,o,aH. B Cclmom npocTOM cjiynae 3to sa^ana 
o BOCCTaHOBjieHHH ypaBHGHHH LUTypMa— JlnyBnjijrii no Tax Ha3biBaeMoii 
cneKTpajibHofl: cpyHKnnn. E^hhctbchhoctb 6bijia ppKasana B. A. Map- 
hchko, o6ihhh MeTOfl peineHHH 3aKjnonaeTCH b BbinncbiBaHnn no cneK- 
TpajibHon cpyHKnnn HexoToporo HHTerpajibHoro ypaBHeHna fljia a,npa 
Oil. nojiynHBineeca HHTerpajibHoe ypaBHeHne Ha3biBaeTCH ypaBHeHneivi 
FejibcpaHfla-JIeBHTaHa (momo nocnjierHnnaTb no noBO/ry SToro Ha3Ba- 
hhh, ho Mbi He 6yfleM SToro flejiaTb) , noTCHnnaji no n,zrpy BOCCTaHaB- 
jiHBaeTCH H3 coothohichhh (9). no,zrpo6Hoe 3jiojKeHna Bonpoca b [4-6, 
22-23, 28-29, 297-298]. Otmcthm, hto M. V. KpeftHOM 6biji co3^aH cboh 
MeTO,n, peiueHHH o6paTHbix 3a,n,aH, ho oh He ncnojib3yeT TexHHKy On. 

B HacTOHinee BpeMH Teopnn o6paTHbix 3a/i,an — sto orpoMHbin 6yp- 
ho pa3BHBaK>inHHCH pa3,neji coBpeMeHHOii MaTeMaraKH. npocTO npiiBe- 
,n,eM cnncoK h3bccthbix MOHorpacpnn MapneHKO B.A., JleBHTaHa B.M., 
Oa^meeBa Jl.JJ,., Ksppojia P., 3axapoBa, MaHaKOBa, HoBHKOBa, nnTaeB- 
CKoro, A6jiOBHn,a M. h Cnrypa X., PaMMa AT., nia^aHa K. n Ca6aTbe 
n., A6jiOBHna M. h Cnrypa M., K)pKO B.A., HcaKOBa B. HejinHenHbie 
o6paTHbie 3a/i,anH jxirn rnnep6ojinnecKnx ypaBHeHnii b pa3jinnHbix no- 
CTaHOBKax H3ynajincb b pa6oTax M.M. JIaBpeHTbeBa, B.P. PoMaHOBa, 
IO.E. AHHKOHOBa, B.A. ByGHOBa, OH. Ka6aHnxnHa, A.H. Ko»caHOBa, 
A.H. npnjienKO, A.X. AMnpoBa, E.T. CaBaTeeBa, E.C. FjiyniKOBon, ,ZLH. 
TjiyniKOBOH, T.jK. Ejinec6aeBa, A. Lorenzi, A.M. ^eHncoBa, M. Grasseli, 
M. Kjin6aHOBa, M. 5lMaMOTO. 

2. TeopHH pacceaHHa. B caMOM npocTOM cjiynae sto 3aflana o boc- 
CTaHOBjieHHH ypaBH6Hna niTypMa-JlnyBHjijiH no ,n,aHHbiM pacceimnn, 
HanpnMep, no AByM cneKTpaM. CxeMa peineHna Ta »ce, hto h ^jih 06- 
paTHbix 3a,n,an, onpeflejinioinee ypaBHeHne b stom cjiynae Ha3biBaeTcn 
ypaBHenneM MapneHKO, cm. [4-6, 21-23, 31-33, 299-306]. Hepe3 On 
(paKTopn3yeTca caM onepaTop pacceaHnn. MeTO,n; On hbjihctch Taicsce 
ocHOBHbiM npn nccjieflOBaHHH penieHnii HocTa n 3aflan .zyra cncTeivibi 
^npaica [29]. YxajKeM Taicsce pa6oTbi [390-393]. 

3. OnepaTopti IIlTypMa JlnyBHJiJiH h hx o6o6meHHH. Mojk- 
ho 6e3 npeyBejinneHHH CKa3aTb, hto MeTOflbi On TpnBHajiH3npoBajiH 
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3T y T eopiiio, npe^ocTaBHB eflHHMH moihhbih MeTO,n, fljiH 6ojibiHHHCTBa 
3a,n,aH. K hum othochtch acHMnTOTHHecKHe (popiviyjibi fljia: peineHHH II 

C06cTBeHHbIX 3HaHCHHH, (pOpMyjIBI CJieflOB, aCIIMIITOTHKa CneKTpajIBHOH 

cpyHKiniH, cm. [22-23, 28-29]. B pa6oTax [76-77] ctpohtch Oil j\tir ypaB- 
hchhh BH/i,a LIlTypMa-JlHyBHjijia, ho c H3MeHeHHbiM BxojKfleHiieM cneK- 
TpajibHoro napaMeTpa b noTeHiniaji. B MOHorpacpiiii A. II. XpoMOBa [40] 
paccMaTpiiBaiOTCH On pjin Gojiee o6ihiix onepaTopoB, co,zi,ep}KaiHHx flu 
(p<pepcHn;Hajii>Hi>ie ii HHTerpajibHbie nacTii, a Taitsce Bonpocu no,n,o6Ha 
,n,Byx onepaTopoB BojiKreppa. 3th pe3yjii>TaTi>i othochtch k o6meH cxe- 
Me npiiMGHGHHs Oil fljia Toro cjiy^aa, KOiyja cnjieTaeMbie onepaTopbi 
HHTerpajibHbie hjih HHTerpo-/i,H(p(pepeHii,HajibHbie, a caM On HBjiaeTca: 
HHTerpajibHbiM. 

IlocTpoeHi>i On ii fljiH Tax Ha3biBaeMoro onepaTopa 3irpii H3 KBaH- 
toboh MexaHHKH Bii,n,a D 2 — x. B stom cjiynae Hflpa BbipajKaiOTca *iepe3 
(pyHKiniii Sfipii. Ilo— BiifliiMOMy, aKKypaTHbix ,ii;0Ka3aTejii>CTB cymecTBO- 
BaHHH h cpopMyji npe,u;cTaBjieHHH co BC6Mii fleTajiHMii fljiH 3Toro cjiynaa 
He 6bijio ony6 jiHKOBaHO , KpaTKiie BbiKjiaflKH fljia cjiynaa B03MymeHHoro 
onepaTopa IllTapKa D 2 — x — q(x) npiiBefleHbi b [387]. B yKa3aHHOfi pa6o- 
Te npHBeflCHbi iiHTepecHbie npiijiojKeiniJi Oil flamioro Bii^a k o6paTHOii 
3aflane pacceainiH h MaTeMaTiinecKOMy oniicainiio 3<p(peKTa IllTapKa, 
nocTpoeHHio peineHHH HocTa h ypaBHeHna JleBHTaHa, o nncaHHio cneK- 
TpoB h penieHHio ypaBHeHHii JlHnMaHa-IllBHHrepa, cbh3hm c bojihobmmii 
onepaTopaMH ii npeo6pa30BaHiieM <3>ypi>e-3iipii, HaxojKfleHHio ycjiOBiiii 
yHiiTapHOCTii ii nocTpoeniiio MaTpiiirM pacceaHiia. 

B TCOpHH HHTerpajIBHBIX ypaBHCHHH IipiIMeHHeTCH MeTOfl 

onepaTopnbix TOJKflecTB, pa3pa6oTaHHbiH B.A. AM6apu,yMHHOM, 
JI.A. CaxHOBineM ii flpyriiMii aBTopaMii. Ero cyTbio HBjiaeTCH pac- 
CMOTpeime HHTerpajibHbix ypaBHemiii, a/nm KOToptix yn,OBjieTBopHiOT 
rnnep6ojiii x iecKiiM ypaBHemisM , aHajioriiHHbiM ypaBHCHHHM pjisi a^ep 
Oil, B03HHKaioin,iix npii nocTpoeHim On fljia onepaTopoB Tana 
lUTypMa-JlHyBHjijiH. PeineHHH TaKHx HHTerpajibHbix ypaBHeHHii HMeiOT 
cncHiKpHHecKyio npnpofly h HHTepecHbie npiijiojKeHHH, cm. pa6oTy 
E.A. ApinaBM [388]. 

4. HejiHHeHHue ypaBHeraa. B Teopiiii hcjihhchhbix /nicpepepeH- 
iHiajiBHMx ypaBHeHHii MeTOfl Jlaxca nojiojKHji Hanajio Hcnojii>30BaHHio 
On fljia flOKa3aTejibCTBa cymecTBOBaHHH penieHHii h nocTpoemiH cojih- 
tohob. On Hcnojii>3yiOTCH TaK»ce no cxeMe Jlaxca b MeTO^e o6paTHOft 
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3a,n,aHH pacceaHiia (M03P), a TaiQKe TaK Ha3t>iBaeM0M MeTOfle ofleBa- 
hhh ii npeo6pa30BaHiiHx ,Hap6y [303-306]. 3th pe3yjibTaTbi othochtch 
k o6m;eii cxeMe npiiMCHeHHH Oil ^jih Toro cjiynaa, KOiyja ii cnjieTaeMbie 
onepaTopti, h caM Oil HBjraeTCH ^HipcpepeHnHajibHMM. K TaKOMy Tu- 
ny othochtch MHorne /nicpepepeHnHajibHbie noflCTaHOBKii, jiHHeaproHpy- 
lonine cooTBeTCTByiomiie Hejinneifflbie ,ziii(p(pepeHii,iiajibHbie ypaBHeHHH, 
HanpHMep, no/i,CTaHOBKH Miiypbi. 

5. CnHryjiapHBie h BBipojK^aioiHHecH KpaeBBie 3aflaiH flJia 
ypaBHeHHH c nacTHBiMH npoH3BO/pbiMH. B pa6oTe [234] B. B. Ka- 
TpaxoBHM 6biji npefljiojKeH HOBbiii noflxofl k nocTaHOBKe KpaeBbix 3a- 
^,an fljia sjijmnTHHecKHx ypaBHeHHH c ocoSchhocthmh. HanpHMep, ^jih 
ypaBHBHHa IlyaccoHa hm paccMaTpHBajiact 3&r&h& b o6jmcTH, co/iepjKa- 
ineii nanajio KOop/niHaT, b KOTopoii penieHHH MoryT HMeTb ocoGchhocth 
npoH3BOjibHoro pocTa. B tohkc Hanajia KOop/pmaT hm 6bijio npe^yio- 
jkeho HOBoe HejiOKajibHoe KpaeBoe ycjiOBHe rana CBepTKH, KOTopoe mbi 
Ha30B6M K — cjie^OM. B onpefl&neHHH KjiaccoB fljra peniemiH, k OTopbie 
o6o6iiiaiOT npocTpaHCTBa C. Jl. Co6ojieBa Ha cjiynait (pyHKniiii c cyme- 
CTBeHHbiMH oco6eHHOCTaMH, (pyHflaMeHTajibHyio pojib nrpaiOT pa3JIHH- 
Hbie Oil. OcHOBHbie pe3yjibTaTbi coctoht b ,zipKa3aTejibCTBe KoppeKTHOft 
pa3peuiHM0CTH nocTaBjieHHbix 3a^,an bo bbc^ghhbix npocTpaHCTBax. Ha 
6ojiee cjiojKHbie ypaBHeHHH h o6jiacTH b stom HanpaBjieHHH pe3yjibTaTbi 
o6o6iiiajiHCb b pa6oTax [307-311]. 

Ot/icjibho BbiflejiHM Teopnio On, nocTpoeHHyro ^jih /nicpcpepeHnn- 
ajibHbix onepaTopoB rHnep6eccejieBa THna bbicokhx nopH/n-coB. Ochob- 
Hbie pe3yjibTaTbi no flaHHoft TeMaTHKe nojiyneHbi Hji.-Kopp. BojirapcKofi 
Han,HOHajibHOH AH H.X. ,H,hmobckh h ero yneHHKaMH. MHoroHHCjieHHbie 
npnjiojKeHHH nojiynnjin On CoHHHa— ^hmobckh h nyaccoHa— ^hmobckh. 

6. CwHryjiapHtie nceB#o,a,HCpcpepeHHHa.jiBHBie onepaiopBi. 
no^,o6Hbie n/1,0, CBH3aHHbie c onepaTopoM BeccejiH, 6bijiH onpe/iejieHbi 
h H3yneHbi B. B. KaTpaxoBbiM h H. A. KnnpHHHOBMM [312]. P. Ksp- 
poji nocBHTHji 3thm n,3,0 KnnpHHHOBa-KaTpaxoBa OT^ejibHyio rjiaBy b 
KHnre [5], cymecTBenHO nepepa6oTaB H3jio:sceHHe MaTepnajia. 

7. 3a,a,aHH 06 y6BiBaHHH peuieHHH ,n,HcpcpepeHHHajiBHBix 
ypaBHeHHH. 

E. M. JlaHflHCOM 6bijia nocTaBjieHa Taiwan 3aflana [313]: ppvLasaib, 
hto jno6oe penieHHe bo bccm npocTpaHCTBe ypaBHeHHH Au — q(x)u = 
npn ycjiOBHsx \q(x)\ < A 2 ,|u(a;)| ^ Aexp(— (A + e)|a;|, A ^ 0,e > 
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paBHO Hyjno. B pa6oTax [314-316] aBTopoM 6bijio /jaHO nacTHHHoe pe- 
niCHHe 3toh 3aflaHH pjin cjiynaeB pa/niajibHO-CHMMeTpHHHoro hjih 3a- 
BHcamero ot o,h,hoh nepeMeHHon noTeHiniajiOB , a TamKe pjin hckoto- 
pbix yjibTparHnepGojiH^iecKHx ypaBHCHHii. PemeHiie ocHOBbraajiocb Ha 
Hcnojib30BaHHH Oil co cneniiajibHbiMH oneHKaMH H,n,ep npaMbix h o6paT- 
hmx onepaTopoB ^,jih 3Toro cjiynaa. JXnn o6ihhx noTeHiniaji ob yTBep- 
>K/i,eHHe OKa3ajiocb HeBepHbiM, B. 3. MeniKOBbiM 6hji ,n,OKa3aH 

y^HBHTejibHbiii cpaKT [317-318], hto cymecTByiOT peineHHH co CKopo- 
ctbio y6biBaHHH exp(|a;| _4 / 3 ). ,H,OKa3aTejibCTBa MeniKOBa noTpe6oBajiH 
o6o6m,eHiiH H3BecTHbix HepaBeHCTB KapjieMaHa h iicnojib30BajiH MeTO- 
pjA TeopHH HHceji. Otmcthm, hto no flaHHbiM MaTeMaTHnecKoro nopTajia 
www.mathnet.ru Ha CTaTbio BnKTopa 3axapoBHna MeniKOBa ccbijiaiOT- 
ca b Tpex pa6oTax, nponHfleKcnpoBaHHbix Ha stom nopTajie. 3aTO o/nia 
H3 ccmjiok — b CTaTbe Bbi,n;aiom,erocH MaTeMaTHKa, jiaypeaTa npeMnn 
CDnji^ca >KaHa Bypreima, /rpyraa — b cobmccthoh CTa Tbe Bypreima n 
Kapjioca KeHHra, TpeTbH — b 3HaMeHHTOii pa6oTe B.H. lOflOBH^a "o/thh- 
Ha,u;n;aTb bcjihkhx npo6jieM MaTeMaTHHecKoii rn,n,po,zrHHaMHKH". 

7. IIpHMeHeHHe Oil k ,a;oKa3aTejiBCTBy BJio»ceHHH cpyHKn,no- 
HajIBHMX npocTpaHCTB. 

B [226-227] Oil ByniMaHa-3pflenn npHMeneHbi aBTopoM k florca- 
3aTejibCTBy bjiojkchhh h H30MeTpnii npocTpaHCTB H. A. KnnpHHHOBa 
[175-177] b BecoBbie npocTpancTBa C. JI. Co6ojieBa. Ilpn stom ochob- 
Hyio pojib nrpaiOT onHcaHHbie Bbinie ohchkh HopM h cbohctbo yHHTap- 
hocth. no,n;o6Hbie Bonpocbi paccMaTpnBajincb TamKe b [319-322]. Ot- 
mcthm, hto ecTb npoTHBopcHHa b cpopMynnpoBKax OKOHHaTejibHbix pe- 
3yjibTaTOB MOKfly mohmh on,eHKaMH n oneHKaMH H3 pa6oTbi [321]. 3to 
HeKOTopoe BpeMH paccTpanBajio Memr, ho noTOM y^ajiocb pa3o6paTbca, 
hto b yKa3aHHOii pa6oTe KOHTpnpnMepbi CTpoaTca Ha cpyHKHirax CHHyca, 
npo KOTopbie CKa3aHO, ^rro ohh, pa3yMeeTCH, npHHa,u;jie}KaT npocTpaH- 
CTBy npo6Hbix (pyHKHHii. Ho npo6Hbic cpyHKUHH pjisi ypaBHCHHii c onepa- 
TopoM Beccejia Bcer^a Bbi6HpaiOTca hcthmmh. IlosTOMy, ecjin CHHTaTb 
CHHyc hcthoh cpyHKHireii, to Bepnbi pe3yjibTaTbi H3 [321-322], a ecjin 
,u;yMaTb HHane, to moh. 

8. Oil flJia ,a,H<p<pepeHLi,HajiBHO pa3HOCTHBix onepaTopoB. 

B nocjiemree BpeMa Teopna Oil ,zyis flHcb<pepcHirHajibHO-pa3HOCTHbix 
onepaTopoB b ochobhom pa3pa6aTbiBajiacb fljra Tax Ha3biBaeMoro onepa- 
Topa flyHKjia [323-333] . 3tot onepaTop HBjraeTCH b npocTeiinieM cjiynae 
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BecoBoit cyMMoii oGbiHHon npoH3BOjxHOH h chmmotphhhoh pa3HOCTii, a 
b o6meM MHoroiviepHOM cjiynae oh CBa3aH c chmmctpkhmh h rpynnofi 
KoKCTepa. ITpn onpejrejieHHBix ycjiOBnax onepaTop ,IIyHKjia aBjiaeTca 
ojxhoh H3 HecoKHflaHHbix aBHbix peajiH3aniiH KBa^paTHoro Kopira .zyia 
jxncpcpepeHirnajibHoro onepaTopa Beccejia. IlocTpoeHbi aBHtie cpopMyjibi 
fljia Oil Tiina CoHHHa h IlyaccoHa h hx o6o6meH hm, OOC, cooTBeTCTBy- 
lomiix paflOB ii o6o6m;eHHi>ix noHTH-nepnojxHHecKnx cpyHKniiii. Ha Moit 
B3rjia,n„ nacTb stiix pe3yjibTaT0B mojkct 6bitb BtmefleHa 113 pe3yjibTaTOB 
MOHorpacpiiii A. II. XpoMOBa [40], ecjin ncnojii>30BaTi> xHTpoe CTpoemie 
onepaTopa flyHKjia. Oil jijia pa3HOCTHoro ypaBHeHna Xnjijia roynaiOTca 
b [334-335]. Cennac ncc.ne,ii,OBaHHe pa3jiiiHHi>ix BonpocoB /ijia onepaTo- 
pa ^yHKjia — 3to Hpe3BbinanHO HHTepecHaa Teiia, KOTopoii nocBameHbi 
MHoroHHCjieHHbie pa6oTBi. 3th pe3yjii>TaTi>i othochtch k o6m;eii cxeivie 
npHMCHeHHa Oil jijia Toro cjiynaa, Korjj,a cnjieTaiOTca jxHcpepepeHniiajib- 
hmh ii jxncpcpepeHHiia jii>HO-pa3HOCTHbiH onepaTopti, a caM On aBjiaeTca 
HHTerpajibHbiM hjih HHTerpo-jjri<p(pepeHnHajii>Hi>iM onepaTopoM. 

9. Oil II CBepTKH. 

OnepaTopBi ,u;po6Horo HHTerpoflHcpcpepeHnnpoBaHna, o6o6meHHoro 
cjjBnra (OOC), pa3jiiiHHi>ie CBepTKH — Bee sth KOHCTpyKiniii npaivio hjih 
onocpe,n;oBaHO CBa3aHbi c Teopneii On. Cbh3h c jxpoGntiM HHTerpojj,H<p- 
(pepenri,HpoBaHHeM paccMOTpeHbi Bbiine, OOC HanpaMyio BbipajKaiOTca 
nepe3 On no hbhbim cpopivryjiaM h CTpoaTca no o/nroft c hhmh cxeMe. Ilofl 
CBepTKOH b pasjiHHHbix pa3jj,ejiax MaTeMaTHKH noHHMaiOTCH noxojKne, ho 
HecKOjibKO pasjinnaioinHeca KOHCTpyKH,HH. KjiaccnnecKaa CBepTKa jijia 
pa3jiHHHbix HHTerpajibHbix npeo6pa30BaHHii H3ynajiacb bo mhothx pa- 
6oTax, Han6ojiee o6maa Teopna nocTpoeHa b a6oTax B.A. KaKHneBa h 
ero yHeHHi^bi JI.E. Bphtbhhoh. 

HecKOjibKO jxpyraa CBepTKa BBO/niTca pjisi jxHipcpepeHHiiajitHbix one- 
paTopoB. 3t& Teopna pa3BHTa b pa6oTax H. ,H,hmobckh h ero ynemiKOB, 
b tom nncjie H. BojKHHOBa. Cpejxii pe3yjn>TaTOB nojiyneHa Tax Ha3MBa- 
eMaa CBepTKa ^hmobckh jj,jra BTopoit npon3Bo;xHOH, KOTopaa cjiyacnT 
ochoboh fljia nocTpoeHHa cneniiajibHoro onepannoHHoro HCHHCjieHHa. B 
stoh Teopnn Hcnojii>3yiOTCa On, KOTOptie no3BOjiaiOT, 3Haa CBepTKy fljia 
ojxnoro flncpcpepeHniiajibHoro onepaTopa h On, KOToptin cnjieTaeT ero co 
BTopbiM jxHcpcpepeHniiajii>Hi>iM onepaTopoM, cpa3y nocTponTb h CBepTKy 
jj,jia BToporo jxHcpcpepeHiniajibHoro nepaTopa. Cbbptkh THna ^hmobckh 
— 3to HHTepecHbiii pa3jj,eji Teopnn, kotopmh h yste HMeeT, h, no Moeiviy 
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MHGKIIH3, SyfleT HM6Tb B flajIBHeftllieM MHOrOHHCJieHHbie BajKHbie npmio- 
JKCHHH. 

B saKjuo^eHHe npocTO otmcthm, hto b MOHorpacpiiax P. Kappojia [4- 
6] no/ipoGHO H3jiojKeHBi npnjiojKeHHa TeopHH Oil b 3aflanax Teopiiii Bepo- 
HTHOCTeii h cjiynanHbix npoijeccoB, jihhchhom CTOxacTinecKOM on,eHHBa- 

HHH, (pHJIbTpaD;HH, CTOXaCTHHCCKHX CJiyHaHHMX ypaBHCHHHX, o6paTH&ix 

3aflanax reo<pH3HKii h TpaHC3ByKOBOH raso^imaMHKH. 
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12. H36paHHtie 3a,a,aHH. 

B 3aKjiiOTeHHe npHBe,n;eM necKOjibKO 3ap,en, penieHne kotopmx no 
MHeHiiio aBTopa 6bijio 6m cymecTBeHHbiM p/in TeopHH onepaTopoB npe- 
o6pa30BaHHH. 

3a^,ana 1. B TeopHH On ecTb cboh TeopeMa OepMa. 3to 3aflana o 
nocTpoeHHH MHoroMepHbix Oil, cnjieTaioinnx CTannoHapHbie onepaTopbi 
IIIpe^HHrepa h Jlanjiaca T(A — q(x)) = AT. EcTb ohthmhctbi, Bepaiinie, 
^ito 3Ta sa^a^ia pemeHa, npn stom ohh oGmhho ccbijiaiOTCH Ha pa6oTy 
JI. J\. Oa^meBa [33]. Ho HTeHne stoh pa6oTbi jiynnie HanaTb c KOHna, iyje 
HecTHO HanncaHO, hto nccjieflOBaHHe ^ojckho Gbitb npoBe/jeHO pjlsl 
Toro, HTo6bi cflejiaTb CTporHMH cpopMajibHbie paccy:sc,n,eHHH stoh rjiaBbi. 
HMeioinnecfl b HameM pacnopajKeHnn ero BapnaHTbi cjihihkom rpoM03,n- 
kh ,n,jiH Toro, HToSbi hx mojkho 6bijio noMemaTb b HacToam,eM o63ope. 
Mbi HafleeMCH, hto npHBe^eHHaH 3,n,ecb (popMajibHaa cxeivra peineHHH 

MHOrOMepHOH 06paTH0H 3a/],aHH paCCeSHHH MOJKeT CTaTb CTHMyjIOM pjisl 

HeKOTopbix HHTaTejieit, KOTopbie pa3pa6oTaiOT Gojiee afleKBaTHbie aHajin- 
TH^ecKHe MOflejiH pjisi ee onpaBflaHna'. HacKOjibKO mhg H3BecTHO, TaKoii 
o,n,apeHHbiH HHTaTejib noxa k cojKajieHHio Tax n He hohbhjich. flyMajo, 
hto h b npHHinine nepcneKTHBa nocTpoeHHH TaKiix Oil b o6o3phmom bh- 
fle npeflCTaBjiaeTCH TyMaHHon. Be/rb hx a^pa flOJOKHbi yflOBjieTBopsTb 
ysce yjibTparHncp6ojiHHecKHM ypaBHeHiiHM, MeTO/rbi HCCjie,n,OBaHHH ko- 
Topbix noKa npaKTHnecKH He pa3pa6oTaHbi. ^yiiaio, ^ito h mhojkcctbo 
peineHHH ypaBHeHna UIpe^HHrepa yjK cjihhikom pa3Hopo/THO h MHoroo6- 
pa3HO, x iTo6bi ero mojkho 6bijio onncaTb no cyinecTBy e/niHoii cpopMyjioii 
no aHajiornn c ypaBHeHHHMH IIlTypMa-JlHyBHjijia. 

Ho caivioe o6nflHoe, hto cymecTBOBaHne TaKHx On ,n,OKa3aHO nop, 
HMeHeM bojihobbix onepaTopoB pjisi Bcex pa3yMHbix noTeHnnajiOB! He 
ya,aeTCH tojibko nocTponTb nx b o6o3phmom BE^e, HanpHMep, KaK mho- 
roMepHbie onepaTopbi BojibTeppa. 

nepnoflHHecKH noHBjiaiOTCa OTflejibHbie ny6jiHKairiiH, nocBHineHHbie 
peineHHio stovl sa^a^in b o6meM hjih nacTHOM cjiynaax, aBTop 3aTpyn,- 
HHeTCH flaTb hm a^eKBaTHyio oneHKy. 

3a,a,aHa 2. 06o6iniiTb pe3yjiKraTbi M. M. MajiaMyn,a H3 nyHKTa 4, 
3aMeHHB o6bi x iHbie npon3BO,n,Hbie CTeneHHMH onepaTopa Beccejia. 

Sa/jana 3. HcTopn^iecKn cjiojKHjiocb, ^ito H3yHenne On Hanajiocb c 
onepaTopoB BToporo nopa/pca. nocTponTb Teopnio On fljia onepaTopoB 
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nepBoro nopa/nta, KOTopaa: OKa3ajiact nponymeHa. HeKOToptie nocTpo- 
chhh c^ejiaHbi b [41] pjisi Oil BH/ja T(D — q) = DT. 

3a^,ana 4. Mcokho jih c iiomoihbio Oil BH^a T(D ± A) = DT ckoh- 
CTpynpoBaTb Oil BH^a T(D 2 — A 2 ) = D 2 T ? Tor^a y^ajioci) 6bi no- 
CTpoHTb, b nacTHOCTH, TeopHio Oil BcKya-Bpfleira-JIayHfleca H3 6ojiee 
npocTbix 'KHpnHHHKOB'. (3Ta sa^ana cjicoKHee, neM KajKeTCH c nepBO- 
ro B3rjiH,u;a. Bo3mojkho, pjin ee peineHHH noTpe6yeTCH Hcnojib30BaHHe 
riincpKOMiuieKCHbix nnceji) . 

3a,a,aHa 5. HpiiMeHHTB k oneHKaivi Hflep Oil o6o6iHeHHH HepaBeHCTB 
KoniH-ByHaKOBCKoro-IIlBapn,a h 5lHra, MeTOfl nocTpoeHiia KOTopbix 
pa3pa6oTaH aBTopoM b [336-350]. 

3a/i,aHa 6. 06o6mHTb nocTpoeniiH Tcopnii Oil, 3aMGHHB o6bn- 
Hbie npoH3BO/i,Hbie ex g-aHajioraMH. YnoMaHyTbie Bbiine onepaTopbi 
^yHKjia — 3to jiHinb nepBbift He6ojn>iHOH inar b flaHHOM HanpaBjieHHH. 

3a,a,aHa 7. Il3yHHTb ochobhbig 3a,n,aHH pjin ypaBHeHHH c ,u;po6HbiM 
onepaTopoM Beccejia: (52). fljia SToro H3yHHTb aciiMnTOTHKy h pacnpe- 
/jejieime Hyjieii smpa pe30JibBeHTHoro onepaTopa (50). 

Sa/ja^ia 8. 06o6iHHTb mcto^, onepaTopoB npeo6pa30BaHna Ha npo- 
CTeftniHe ypaBHemiH, 3aflaHHbie Ha rpacpax. Bpn stom b Ka^ecTBe 
HCxoflHbix MoryT 6biTb Hcnojn>30BaHbi pe3yjibTaTbi A.M. Bopobckhx, 
B.JI. IIpHflHeBa, O.M. BeHKHHa. 

3a,a,aHa 9. 06o6mHTb M&iop, onepaTopoB npeo6pa30BaHHH Ha npo- 
CTeiiHiHe ypaBHCHHa, 3a,u;aHHbic Ha CTpaTHcpHHiipoBaHHbix MHO»cecTBax, 

COCTaBJICHHBIX H3 nOflMHOJKCCTB pa3HOH pa3M6pH0CTH. BpH 3TOM B KaHe- 

CTBe HCxoflHbix MoryT 6biTb Hcnojib30BaHbi pe3yjibTaTbi O.M. BieHKHHa. 

3a,a,aHa 10. nocTpoHTb On pjisi ,n,H(pcpepeHHHa,jn>Hi>ix ypaBHCHHH 6ec- 
KOHenHoro nopaflKa, xoth 6bi MOflejibHtix c hoctohhhmmh KOScpcpHinieH- 
TaMH. (3ia 3aflana B03HHKjia y aBTopa nocjie npeKpacHofi jickhhh npocp. 
lOpna 5>e/i,opoBHHa Kopo6cifflHKa jictom 2010 ro^a Ha KOHepepeHiniH bo 
Bjia/i,HKaBKa3e. Otmcthm, hto 3a HecKOjibKO flHeft flo stoh jickhhh lOpnft 
CDe,ii;opoBHH OTnpa3,u;HOBaji cboh 80-jieTHHH K)6Hjieii). 

Bjiaro,a,apHOCTH. 

Abtop MHoriM o6a3aH b CTyzieHHecKHe roflbi CBoeMy Hay^HOMy pyKO- 
BOflHTejuo, a Bnocjie^CTBHH h ,n;pyry Bajiepnio BaHecjiaBOBHHy KaTpa- 
xoBy, 6jiaro/i;apH KOTopoMy h Hanaji 3aHHMaTbca Teopneii onepaTopoB 
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npeo6pa30BaHHH h BOo6me McLtsmelthkoh . 51 ropjKycB tcm, hto npHHafl- 
jie»cy k HHCjiy ynenHKOB IlBaHa AjieKcaHflpoBHna KiinpiiHHOBa, BeTepa- 
Ha BejiHKOii OTenecTBeHHOH bohhbi, ocHOBaTejia BopoHejKCKOii hikojibi 

TeOpHH ypaBHCHHH B HaCTHBIX npOH3BO,H,HBIX C OCo6eHHOCTHMH. 3HaHH- 

TejibHyio pojib Cbirpajio oGcyjKflemie pa3jiHHHBix BonpocoB, h jiHHHoe, h 
nHCBMeHHoe c AHaTOJineM AjieKcaHflpoBH^eM Kiui6acoM. K rjiy6oKOMy 
cojKajieHHio, 3tiix npeKpacHbix jnofleii h 3aMeHaTejiBHBix MaTCMaTHKOB 
y»ce HeT b jkhbmx. 

Abtop HCKpeHHe 6jiaro,a,apHT: 

AHaTOjina TeoprHeBH^ia KycpaeBa 3a npe/yioJiceHHe HanncaTB stot 
o63op b 2007 ro,ay h orpoMHoe Tcpnemie, npoHBjieHHoe 3a BpeMH ero 
no,ii;roTOBKH; 

JleoHHfla ApKaflbeBHna MiiHima, no,u;po6HBie o6cyjK [ z];eHHH c koto- 
pbiM noMorajiH h noMoraiOT mhc rjiy6iKe pa36npaTBCH b pa3jiHHHbix 
MaTeMaTHHecKHx 3a,naHax; 

^MHTpna BopiicoBiina Kapna, c KOTopbiM, hc bh^a flpyr flpyra y»ce 
MHoro jieT nocjie Moero OTtes^a H3 Bjia/niBOCTOKa, mbi npaKTHHeciai 
ejKeflHeBHO o6cyjK r naeM Hainy paSoTy h hbjihcmch coaBTopaMii CTaTeft 
no cneiniajibHbiM cpy hkhhsm ; 

ynacTHHKOB b HacToameM h npoinjiOM BopoHejKCKoro ceMHHapa 
no AnajiH3y, Teopnn cpyHKinin n flHcpcpepcHHiiajiBHBiM ypaBHeHHHM 
(MHPC), Ha 3ace,u;aHHHx KOToporo HeoflnoKpaTHO flOKjia^biBajiHCb n 
o6cyjK,a,ajiHCb pe3yjiBTaTBi no Teopnn onepaTopoB npeo6pa30BaHHH, a 
hmghho A. B. Bopobckhx, A. B. Jlo6o,ay, B. B. Menbinnx, H. 51. Ho- 
BHKOBa, O. M. neHKHHa, II. II. nOJIOBHHKHHa, B. Jl. npH/nieBa, 
B. A. PoflHHa, H. H. y^,o,n,eHKo; 

aBTop HCKpeHHe 6jiaro,u;apHT 3a pa3jiHHHyro noMomb, flpyjKecKoe 
ynacTHe, nojie3Hbie o6cysc,n,eHHH, a TaiQKe npefloCTaBjieHHBie MOHorpa- 
<pHH, CTaTbH h flpyrne MaTepnajibi: 

Po6epTa Bairna Ksppojia (CniA), IlBaHa ^hmobckh h Bhpjkh- 
hhh) KnpsKOBy (Bojirapna), Ajionca KycpHepa (Hexna), X&jipyna 



120 



Sitnik S. M. 



OnaKraca (TypnHfl); HinxaHa rBH,n,OHOBHHa XanaTpaHa ( ApMemia) , 
ApivieHa /],}Kp6ainaHa ( ApivieHHa) , HnKOjiaa HocHcpOBH^a lOpnyKa 
(Bejiopyccna) , HnHy AcpanacbeBHy BnpHeHKO (YKpaHHa), EjieHy 
AjieKcaHflpoBHy ApinaBy (YKpaHHa), HpHHy IfeaHOBHy Mopo3 (YKpa- 
HHa), BnKTopa Ta&ppsi (YKpaHHa), PocTHCjiaBa OjieroBHna Fphhhb 
(YKpaHHa), OKcaHy BajiepbeBHy Ckopomhhk (Bejiopyccna), Barncpa 
TyjineBa ( A3ep6aiifljKaH) . 

BnKTopa 3axapoBHna MeuiKOBa, lOpna OeflopoBHna Kopo6eHHHKa, 
A,zi,aMa MapeMOBHna HaxynieBa, Bjia/niMnpa naBjiOBHna TjiyHiKO, ABry- 
CTa ITeTpoBHHa XpoMOBa, AjieKcaH,n;pa naBjiOBHna Coji,n,aTOBa, Ebfchhh 
AjieKcaH,n;poBHHa Pa^KCBHHa, Ceprea BopncoBHHa KjiHMeHTOBa, Apce- 
Ha Bjia^HMHpoBHna ncxy, Ceprea CepreeBHna IIjiaTOHOBa, AjieKcaH^pa 
BacHjibeBHna TjiyniaKa, Bjia,u;HMHpa ITaBjiOBHHa JleKCHHa, Ojiera AjieK- 
caH^poBHHa PenHHa, BanecjiaBa AHaTOjitCBHHa K)pKO, AjieKcaH,a,pa Ha- 
3apoBa, J1k>6obb BpHTBHHy, reHHa/nia JTaxoBenKoro, Bjia^HMnpa Bojio- 

BHHa. 
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